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Abstract. Three themes of general topology: quotient spaces; absolute retracts; and 
inverse limits — are reapproached here in the setting of metrizable uniform spaces, 
with an eye to applications in geometric and algebraic topology. The results include: 

1) If X D A ^ Y is a uniformly continuous partial map of metric spaces, where A 
is closed in X, we show that the adjunction space XUfY with the quotient uniformity 
(hence also with the topology thereof) is metrizable, by an explicit metric. This yields 
natural constructions of cone, join and mapping cylinder in the category of metrizable 
uniform spaces, which we show to coincide with those based on subspace (of a normed 
linear space); on product (with a cone); and on the isotropy of the I2 metric. 

2) We revisit IsbelPs theory of uniform ANRs, as refined by Garg and Nhu in the 
metrizable case. The iterated loop spaces Q n P of a pointed compact polyhedron P are 
shown to be uniform ANRs. Four characterizations of uniform ANRs among metrizable 
uniform spaces X are given: (i) the completion of X is a uniform ANR, and the remain- 
der is uniformly a Z-set in the completion; (ii) X is uniformly locally contractible and 
satisfies the Hahn approximation property; (iii) X is uniformly e-homotopy dominated 
by a uniform ANR for each e > 0; (iv) X is an inverse limit of uniform ANRs with 
"nearly splitting" bonding maps. 



I. Introduction 

Although topological and uniform approaches to foundations of what was then known 
as Analysis Situs originated in the same works by M. Frechet and F. Riesz (cf. Remark 
2.4 below), uniform spaces hopelessly lagged behind in development ever since, and were 
never taken seriously in algebraic and geometric topology, due in part to the lack of a 
coherent theory of quotient spaces, and of a reasonable notion of a polyhedron in the 
uniform sense. Yet the opposite side of the coin features painful side effects of the usual 
topological foundations, including 

(i) the non-metrizability of the cone over R; 

(ii) the non-metrizability of ]RP°° with the topology of a CW-complex (or the geo- 
metric realization of a simplicial set); 

(iii) the uncountability of a family of polyhedra (Mardesic's resolution [59]) needed to 
capture geometrically relevant homotopy properties (the shape) of a non-compact space. 
This results, in particular, in the awkward situation that the shape invariant homology 
of a space as simple as N + x N (where N denotes the infinite countable discrete space, 
and + denotes the one-point compactification) cannot be calculated in ZFC, as its value 
depends on additional axioms 
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l.A. Quotient spaces 

One of the goals of the present paper is to show that (the topology of) quotient unifor- 
mity is, after all, far nicer than quotient topology in the context of metrizable spaces. In 
particular, we show that finite homotopy colimits (=homotopy direct limits) of metriz- 
able uniform spaces and uniformly continuous maps are metrizable when done uniformly 
(Corollary 3.24); they are certainly not metrizable with the quotient topology, as we will 
now discuss. 

1.1. Homotopy colimits. Consider the cone over the real line R, with the topology 
of the quotient space R x [0, 1]/R x {1}. This topology is non- metrizable, because 
it does not even have a countable base of neighborhoods at the cone vertex. Indeed, 
a neighborhood of the cone vertex in the quotient corresponds to a neighborhood of 
1 x {1} in R x [0,1]. Among such neighborhoods is the region above the graph of an 
arbitrary function /: R — > [0,1], i.e. {(x,y) £ Rx [0,1] | y > f(x)}. Now f(x) can 
approach 1 with any speed ±oo (exponential, doubly exponential, etc.), and it 

is well-known and easy to see that there are uncountably many of possible speeds (i.e. 
the poset of functions ordered by / < g if f(x) < g(x) for all x 6 R has no countable 
cofinal subposet). 

Thus the quotient topology in the cone over R is not the same as the topology of the 
subspace R x [0, 1) U {(0, 1)} of R 2 or the topology of the subspace of the cone over 
[-00,00] ^ [-1,1]. 

Which topology on the cone is the 'right one' ? It turns out that in many situations 
where some actual work is being done, the quotient topology does not do its job, and 
has to be replaced by something else: 

(i) In his classifying space construction BG = (G * G * . . .)/G, Milnor had to use a 
weak (initial) topology on his joins (including finite joins) rather than the strong (final) 
topology of the quotient [6 1] (with his reversed terminology he called his topology a 
"strong topology"). 

(ii) In showing that the usual homotopy category is a closed model category in the 
sense of Quillen ("The homotopy category is a homotopy category" [S3]), A. Str0m 
had to modify the quotient topology of the mapping cylinder in order to show that if 
/ : E — > B is a (Hurewicz) fibration, then so is the projection MC(f) — > B. His modified 
mapping cylinder can be identified with a subspace of Milnor's modified join. 

There are other examples of this sort in the literature (including e.g. teardrop neigh- 
borhoods); J. Strom called attention to them in his questions on Mathoverflow.net. 

It turns out that the trouble disappears entirely in the setting of uniform spaces, which 
is the subject of §3 below. If X D A — > Y is a uniformly continuous partial map of metric 
spaces, where A is closed in X, we show that the adjunction space X UfY with the 
quotient uniformity (hence also with the topology thereof) is metrizable, by an explicit 
metric (Theorem 3.8). This yields natural constructions of cone, join and mapping 
cylinder in the category of metrizable uniform spaces, which we show to coincide with 
various other natural constructions (see §3.B). In particular, we show equivalence, up to 
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uniform homeomorphism, of a number of definitions of join of metric spaces: one based 
on quotient uniformity; another based on embedding in a normed linear space; and those 
based on the amalgamated union X x CY U CX x Y, where the cones are defined using 
either any of the previous methods or the approach of geometric group theory, based on 
the isotropy of the I2 metric (i.e., the Law of Cosines). 

1.2. Topological fundamental group. Among other serious troubles with quotient 
topology is that the (usual) fundamental group of a compact metric space can fail to be 
a topological group as the quotient of the space of maps [30]. The basic reason is that 
the product of quotient maps is not always a quotient map. 

Again, there is no such problem with (the topology of) the quotient uniformity. The 
product of two quotient maps is a quotient map in the category of uniform spaces and 
uniformly continuous maps (cf. [50; Exercise 111.8(c)]; less trivially this is so also for 
infinite products [47]). Using this it is easy to show that for a compact metric space X, 
the fundamental group of X is a topological group with the topology of the quotient 
uniformity, as a quotient of the space of maps (S^pt) — > (X,pt) endowed with the 
metric d(f,g) = sup x6S i(/(z),^(x)). 

Remark 1.3. We note that this topology on the fundamental group of X differs from the 
more intriguing topology considered in [62]; but it is noteworthy that the topology of the 
still more intriguing Steenrod fundamental group of X considered in [62] coincides with 
the topology of the quotient uniformity, as a quotient of the space of base-ray preserving 
maps from the 2-disk into the one-point compactification of the mapping telescope. 

l.B. Absolute retracts 

In working with polyhedra it is convenient to separate combinatorial issues (such as 
simplicial approximation and pseudo-radial projection) from topological ones, which are 
well captured by the notion of an ANR. For instance, finite homotopy limits (=homotopy 
inverse limits) of PL maps between compact polyhedra are still ANRs, but no longer 
polyhedra in general. 

The second major goal of the present paper is to prepare for the treatment of uniform 
polyhedra in the sequel to this paper by advancing a theory of uniform ANRs roughly 
to the level of the classical theory of ANRs as presented in the books by Borsuk [15] 
and Hu [44]. In particular, we show that finite homotopy limits and colimits of uniform 
ANRs are still uniform ANRs (Theorem 4.38) — although we will see in the sequel that 
those of uniform polyhedra and "uniformly PL" maps are no longer uniform polyhedra 
in general. 

1.4. Uniform ANRs. Our notion of a uniform ANR is not entirely standard. Two 
best-known analogues of ANRs in the uniform world are the semi-uniform ANRs studied 
by Michael and Torunczyk (see Remarks 4.30(b) and 4.31) and the ANRUs of Isbell, 
which we revisit in §4. A. While semi-uniform ANRs are more manageable in some 
respects, they are at best a useful but technical tool, involving a mix of topological and 
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uniform notions. On the other hand, as long as metrizable spaces are concerned, it was 
realized independently by Garg and Nhu that Isbell's ANRUs are only a part of the 
story — namely the complete part. This understanding is, however, scarcely known, 
and is not well established in the literature: Garg mentioned what we now call uniform 
ANRs only in passing (so did not even give them any name); whereas Nhu's metric 
uniform ANRs (see Remark 4.30(a)), although do coincide with our uniform ANRs, 
but somewhat accidentally — for his metric uniform ARs differ from our uniform ARs. 
Above all, there seems to have been no good intuition and no readily available technique 
for dealing with non-complete uniform ANRs, as compared with complete ones (i.e. 
ANRUs). 

This is now entirely changed, for we show that a metrizable uniform space is a uniform 
ANR if and only if its completion is an ANRU, and the remainder can be instantaneously 
taken off itself by a uniform self-homotopy of the completion (Theorem 4.10). Moreover, 
in many ways uniform ANRs turn out to be easier, and not harder than ANRUs. In 
particular, we show (Theorem 4.21) that a metrizable uniform space is a uniform ANR 
if and only if it is uniformly locally contractible (in the sense of Isbell) and satisfies the 
Hahn approximation property (in the sense of Isbell). This result, proved by an infinite 
process, improves on the metrizable case of Isbell's characterization of ANRUs as those 
uniform spaces that are uniformly locally contractible and satisfy the Hahn property 
and the uniform homotopy extension property. (Isbell's uniform homotopy extension 
property is for possibly non-closed subsets; it follows from completeness along with the 
uniform homotopy extension property for closed subsets.) 

The above two characterizations of uniform ANRs are at the heart of a toolkit that 
enables one to deal with uniform ANRs just as easily as with compact ANRs. Indeed 
we establish uniform analogs of what appears to be the core results of the usual theory 
of retracts, including Hanner's e-domination criterion (Theorem 4.22(a)) and J. H. C. 
Whitehead's theorem on adjunction spaces (Theorem 4.32). We also show (see Theorem 
4.35 or Corollary 4.44) that the space of uniformly continuous maps from a metrizable 
uniform space to a uniform ANR is a uniform ANR, and extend this to maps of pairs, 
which is the nontrivial part. In particular, this shows that the loop space of a compact 
polyhedron is a uniform ANR (Corollary 4.37(b)). 

l.C. Inverse limits 

The final section elaborates on a uniform theory of sequential inverse limits. The role 
of Mardesic resolutions is played by convergent inverse sequences (see Lemma 5.12), 
thereby reducing much of the hassle to the simple condition of convergence. (It can 
be viewed as a weakening of the surjectivity of all bonding maps, and specializes to 
the Mittag-Leffler condition in the case of inverse sequences of discrete spaces.) This 
enables us to generalize to metrizable uniform spaces virtually all known theory of inverse 
sequences of compacta. In particular, we establish the analogue of Milnor's lemma on 
extension of a map between inverse limits to the infinite mapping telescopes (Theorem 
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5.14 and Corollary 5.16), which amounts to a foundation of strong shape theory (see 
[62]). Another noteworthy result, whose compact case the author has not seen in the 
literature, is a characterization of inverse limits that are uniform ANRs in terms of 
properties of the bonding maps (Theorem 5.18). 
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2. A REVIEW OF UNIFORM SPACES 

This section is intended to serve as an introduction to uniform spaces for the reader 
who has little to no previous acquaintance with the subject. It appears to be rather 
different in viewpoint and in style from the existing introductions to uniform spaces 
in the literature, but mathematically it does not contain anything new. The section 
attempts to be self-contained modulo straightforwardly verified facts, for which it gives 
references. 

The shorter subsection on metrizable uniform spaces and the denser subsection on 
finiteness conditions are intended to be read carefully by the reader not familiar with 
these matters; whereas the more leisurely subsections on general uniform spaces are 
largely intended to serve as a reference. 

2.1. References on uniform spaces. Unsurpassed basic references for uniform spaces 
are still those to the founders of the subject: Isbell's book [50], which is well comple- 
mented by Chapters II, IX and X of Bourbaki's General Topology [17] (recall that the 
original Bourbaki group included A. Weil and J. Dieudonne). See also the historic survey 
[12]; further surveys exist [41], [55]. Other specialized sources include books by A. Weil 
(1937; in French), J. W. Tukey (1940), and I. M. James (1990) on uniform spaces. 

There are also books by Naimpally-Warrack (1970) and Yefremovich-Tolpygo (2007; 
in Russian) on the closely related subject of proximity spaces (which coincide with 
uniform spaces in the metrizable case) and by H. Herrlich (1987; in German) and G. 
Preuss (1988) on more general notions of nearness spaces. Additional information can 
be drawn from chapters in some books on analysis and topological algebra: Gillman- 
Jerison (1960), W. Page (1978), Roelke-Dierolf (1981), N. R. Howes (1995); and from 
chapters in some books on general topology: R. Engelking [29], Hu Sze-Tsen (1966), J. 
L. Kelley (1955), H. Schubert (English transl. 1968), S. Willard (1970). 

Much of modern development of the theory of uniform spaces seems to occur not 
within topology but, in particular, in Geometric Nonlinear Functional Analysis (see 
[13], [54]). 
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2. A. Metrizable uniform spaces 

2.2. Uniform continuity. We recall that a map / : M — >■ N between metric spaces 
is uniformly continuous iff any two sequences x iy yi G M with d{x^yi) — » as % — > oo 
satisfy d(f(xi),f(yi)) — > as % — > oo. (This sequential formulation of the familiar e-5 
definition will often be more convenient for our purposes.) Furthermore, it is not hard 
to see that / is uniformly continuous iff d(A, B) = implies d(f(A), f(B)) = for any 
A,B C M, cf. [50; 11.38 and 11.34]; here d(A,B) = inf {d(a, b) \ a G A, b G B}. 

2.3. Metrizable uniformity. A uniform homeomorphism between metric spaces is a 
bijection that is uniformly continuous in both directions. Two metrics d and d! on a 
set S are uniformly equivalent if ids is a uniform homeomorphism between (S, d) and 
(S,d'). In particular, every metric d is uniformly equivalent to the bounded metrics 
d'(x,y) = mm(d(x, y), 1) and d"(x,y) = • A metrizable uniformity (or uniform 
structure) w on S 1 is a uniform equivalence class of metrics on S; each of these metrics 
induces it; and a metrizable uniform space is a set endowed with a uniformity. Clearly, 
the topology induced by a metric d is determined by the uniformity induced by d. A 
uniformity u on a set S is /mer than v! if ids : {S, u) — >■ (5*, it') is uniformly continuous. 

Remark 2.4- Historically, the idea of a metrizable uniform space emerged together with 
those of a metric space and a metrizable topological space. Frechet's thesis (1906, based 
on a series of 1904-05 papers), which introduced metric spaces as well as a variant of 
topological spaces based on limit points of sequences, also studied an axiomatic structure 
midway between metric and metrizable uniform spaces (see [12; §1.1]). Sets of axioms 
satisfied by the relation d(A, B) = between the subsets A, B of a metric space have 
been considered by F. Riesz in the same ICM talk (1908, based on a 1906 paper), where 
he suggested a modification of Frechet's approach based on limit points of sets as opposed 
to countable sequences (see [12; §1.5] and [21]). 

2.5. Completeness. We recall that a sequence of points x n of a metric space M is 
called a Cauchy sequence if for every e > there exists a k such that for every j > k, 
the e- neighborhood of Xj in X contains Xk- Clearly, this notion depends only on the 
underlying uniform structure of M. Thus a metrizable uniform space is called complete 
if every its Cauchy sequence converges. Every metrizable uniform space is a dense subset 
of a unique complete one, which is called its completion; every uniformly continuous map 
into a complete space uniquely extends over the completion of the domain (see [50]). 
Every compactum, i.e. a compact metrizable space, admits a unique uniform structure, 
which is complete. A metrizable uniform space is called precompact if its completion is 
compact. Thus a subspace of a complete metrizable uniform space is precompact iff its 
closure is compact. 

2.6. Covers. We recall that a cover (or a covering) of a set S is a collection of subsets 
of S whose union is the whole of S. A cover C of S is said to refine a cover D of S if 
every U G C is a subset of some V G D. If C is a cover of S, and /: T — > S is a map, 
we have the covers f(C) := {f(U) \ U G C} and f~\C) := {f~\U) \ U G C} of T; in 
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the case where T C S and / is the inclusion map, we denote / 1 (C) by CRT and call it 
the trace of C on T. If C and D are covers of S, then C A D := {U D V | t/ G C, V G D} 
is a cover of S refining both C and D. Similarly one defines the meet f\C\ of a finite 
family of covers C\, note that if the family is empty, its meet is the singleton cover {X} 
of X. 

If T C S is a subset, the star st(T, C) of T in C is the union of all elements of C that 
intersect T. We say that C star-refines D if the cover {st({x},C) x e 5} refines D. 
Next, C is said to strongly star-refine D if {st(£7, C) \ U G C} refines D. It is easy to 
see that every strong star-refinement is a star- refinement, and every star- refinement of 
a star- refinement is a strong star-refinement. 

2.7. Uniform covers. A cover C of a metric space M is said to be uniform if there 
exists a positive number A such that every subset of M of diameter < A is contained 
in some U G C; such a A is called a Lebesgue number of C. Note that if a cover C of 
M is refined by the cover C E by all balls of radius e, then C is uniform (with Lebesgue 
number e); and conversely, every uniform cover of M with Lebesgue number A is refined 
by C x /2- 

It is easy to see that a map / : M — > N between metric spaces is uniformly continuous 
iff for every uniform cover D of N, the cover / _1 (Z^) of M is uniform (equivalently, 
there exists a uniform cover C of M such that f(C) refines D D f(M)). It follows that 
the property of being uniform for a cover of M depends only on the underlying uniform 
structure of M. Clearly, a cover of a compactum is uniform iff it can be refined by an 
open cover. A metrizable uniform space X is precompact iff every uniform cover of X 
has a finite uniform refinement (see [50; 11.28]). 

A family of disjoint subsets X a C M is called uniformly discrete if it constitutes a 
uniform cover of its union. (In other words, if there exists an e > such that d(X a , Xp) > 
e whenever a ^ f3, where d(X,Y) = sup{d(x, y) \ x G X, y G Y}.) The space M itself 
is called uniformly discrete if the collection of its singletons is uniformly discrete. A 
neighborhood U of a subset S of a metrizable uniform space X is called uniform if 
it contains the star of S in some uniform cover of X; or equivalently if S and X \ U 
constitute a uniformly discrete collection. The space M is called uniformly connected if 
contains no subset that is its own uniform neighborhood. 

2.8. Basis of uniformity. Uniform covers can be used to axiomatize the notion of a 
uniform structure. Let us call a sequence of covers C\, C*2, ... of a set S fundamental if 
it satisfies 

(1) each C n+ i star-refines G n \ 

(2) for any distinct points x,y G S there exists an n such that no element of C n 
contains both x and y. 

Two fundamental sequences of covers C n and D n are equivalent if for each n there 
exists an m such that C m refines D n and D m refines C n . A basis for a metrizable 
uniformity u on S is a fundamental sequence of covers C n such that each C n is uniform 
with respect to u, and every uniform cover C of (S,u) is refined by some C n . Clearly, 



METRIZABLE UNIFORM SPACES 



8 



every two bases of u are equivalent; and every fundamental sequence of covers of S that 
is equivalent to a basis of u is itself a basis of u. On the other hand, if d is a metric on S 
inducing u, then the covers C n of S by the balls of radius 3~ n about all points of (S, d) 
form a standard basis of u. 

Theorem 2.9 (Alexandroff-Urysohn [3]). There exists a bijection between metrizable 
uniformities on S and equivalence classes of fundamental sequences of covers of S, which 
assigns to a uniformity the equivalence class of any its standard basis. 

Of course, the statement in the 1923 paper [3] is in different terms, even though 
the proof is essentially the same as that given below. It is likely, however, that the 
authors must have been at least partially aware of this interpretation of their result, 
since according to Frechet (1928; cf. [12; p. 585]), they have been thinking of avoiding 
the use of metric in defining the notion of uniform continuity. 

Proof. It remains to show that every fundamental sequence of covers C n of S is a basis 
of some metrizable uniformity. To this end consider an auxiliary 'pre- distance' function 
f(x,y) = inf{2 _n | x,y G U for some U G C 2n }, and define d(x,y) to be the infimum of 
the sums f(x , X\) + • • • + /(x n _i, x n ) over all finite chains x = x , . . . ,x n = y of points 
of S. Clearly, d is a pseudo- metric, i.e. it is symmetric, satisfies the triangle axiom and 
is such that d(x, x) = for every x G S. Let Di n -\ be the set of all subsets of S of 
d-diameter at most 2~ n . Since d(x,y) < f(x,y), each U G Cm also belongs to -D 2n -i, 
thus C*2n refines D2 n -i- To prove that d is a metric and that {C2 n } is a basis for the 
uniformity induced by d is suffices to show that each Z^n+i refines C*2 n - The latter, 
in turn, would follow if we prove that f(x,y) < 2d(x,y). Let us show that f(x,y) < 
2[f(xo, xi) + • • • + f(x n -i, x n )] for every finite chain x = xq, . . . , x n = y of points of S. 
The case n — 1 is clear. Let £[ij] = f(xi,Xi + i) + - ■ - + f(xj-i, Xj) whenever < i < j < n. 
Consider the maximal k such that £[o s k] < ^[o,n]- Then £^+i,n] < |^[o,n] as well. On the 
other hand, by the induction hypothesis, f(xo,Xk) < 2^[ fc ] and f(xk+i,x n ) < 2£[ fc+1) „]. 
Thus each of the numbers f(x ,Xk), f(xk,Xk+i), f(xk+i,x n ) does not exceed £[o, n ]- If m 
is the least integer such that 2 _m < £[o >n ], the pairs {x ,Xk}, {xk,Xk+i}, {xk+i,x n } are 
contained in some Ui,U2,U 3 G C 2m . Since C 2m strongly star-refines C 2m _2, we obtain 
that xq and x n belong to some V G C 2m -2- Hence f(x ,x n ) < 2~ m+1 < 2£[ 0n ], as 
required. □ 

2.B. General nonsense I: Objects 

We shall work with concrete categories over the category of sets, that is "constructs" 
in the terminology of The Joy of Cats [J]. As a bridge between sets (which we have 
to start from anyway) and abstract categories (whose powerful machinery we do need), 
they enable a unified treatment of constructions from Isbell [50] and Bourbaki [17]. 

2.10. Uniform spaces. In some auxiliary constructions (such as quotient uniformities 
and semi-uniform products of metrizable uniformities) we will have to deal with general 
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(possibly non-metrizable) uniform spaces. These will be the subject of the remainder of 
this section. 

We call a nonempty family of covers {C a } of a set S fundamental if 

(0) each C a and Cp are refined by some C'y] 

(1) each C a is star-refined by some Cp] and 

(2) for any distinct points x,y G S there exists an a such that no element of C a 
contains both x and y. 

A uniformity u on S is the set of all covers that are refined by some element of a 
fundamental family of covers {C a }. These covers are called uniform, the family {C a } is 
called a basis of u, and the pair uS = (S, u) is called a uniform space. A map between 
two uniform spaces / : X — > Y is called uniformly continuous if for every uniform cover 
C of Y, the cover f~ l (C) of X is uniform. 

As far as single (countable) coverings are concerned, all uniform spaces are like (sep- 
arable) metrizable uniform spaces (to rephrase an expression of Isbell), in the sense 
that every (countable) uniform cover C of a uniform space X is refined by f~ 1 (D) for 
some (countable) uniform cover D of some (separable) metrizable Y and some uniformly 
continuous /: X ->■ Y [50; 1.14], [36; 3.1]. 

If we drop condition (2), we obtain definitions of a pre-fundamental family of covers 
and a pre-uniformity (some authors call this a "uniformity" , and refer to one satisfying 
(2) as a "separated uniformity"). In other words, a pre-uniformity on S is a family 
of covers of S that forms a filter with respect to star-refinement (cf. [50; 1.6]). Every 
pseudo-metric induces a pre-uniformity. Similarly to Theorem 2.9, a pre-uniformity is 
pseudo-metrizable iff it has a basis that is a pre-fundamental sequence of covers C, (i.e. 
satisfies condition 2.8(1)). 

Also similarly to Theorem 2.9, every pre-uniformity has a basis of covers Cj Q , where 
each Ci a consists of all balls of radius 2~* with respect to some pseudo-metric d a (cf. 
[50; proof of 1.14], [29; proof of 8.1.10]). This yields a bijective correspondence between 
pre-uniformities on S and uniform equivalence classes of collections D of pseudo-metrics 
on S such that (i) for any d,d' G D there exists a d" G D with d" > max(d, d')\ 
uniformities correspond to the equivalence classes of collections D such that (ii) for each 
pair of distinct points x,y G S there exists ad G D such that d(x, y) > (cf. [29; 8.1.18]). 
Two such collections D and D' are uniformly equivalent if id: (X,D) — > (X,D') is 
uniformly continuous in both directions. A definition of uniform continuity in relevant 
terms is, a map / : (A, D) — > (Y, E) is uniformly continuous iff for each e > and 
e G E there exists a 5 > and a d G D such that d(x,y) < 5 implies e(f(x), f(y)) < e. 
A related criterion is, a function between pre-uniform spaces /: X — > Y is uniformly 
continuous iff for each uniformly continuous pseudo-metric e on Y, the pseudo-metric 
d(x,y) = e(f(x),f(y)) is uniformly continuous (cf. [29; 8.1.22]). 

If A is a uniform space and S is a subset of X, the uniform structure of subspace on 
S is given by the covers C l~l S, where C runs over all uniform covers of X. 
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If X is a pre-uniform space, its induced topology is denned by declaring a subset S C X 
open iff for each x G S there exists a uniform cover C of X such that st(x, C) C S. In 
other words, a base of neighborhoods of x is given by the stars of x in basic uniform 
covers of X. Every uniform cover of X is refined by an open cover, since this is obviously 
so in the metrizable case (cf. [50; 1.19]). Thus every pre-uniformity has a basis consisting 
of open covers. 

We refer to [50] for the definition and properties of complete uniform spaces. 

Let U (resp. U) denote the category of (pre-)uniform spaces and uniformly continuous 
maps, and T the category of topological spaces and continuous maps — all viewed as 
concrete categories over the category of sets. 

2.11. Initial uniformity. Given a set X and a family / of maps fx - X —> Yx into 
pre-uniform spaces, all finite meets of the form (Cx) A ••■ A (Cfe), where each 
Cj is a uniform cover of Y\ v clearly form a basis of a pre-uniformity Uf. Clearly Uf is 
the coarsest pre-uniformity on X making all the fx uniformly continuous (cf. [50; 1.8]). 
Moreover, it is easy to see that Uf is initial in U with respect to /; that is, a map 
g: Z — > X, where Z is a pre-uniform space, is uniformly continuous if (and, obviously, 

only if) each composition Z4l -A Y\ is uniformly continuous (cf. [50; 1.17], where 
the non-trivial part of the argument is redundant). Conversely, if a pre-uniformity on X 
is initial with respect to /, then it has to be the coarsest pre-uniformity making all the 
fx uniformly continuous (cf. [1; 10.43]). Thus we may call Uf the initial pre-uniformity 
in U with respect to /. The induced topology of Uf is initial in T with respect to / 
[50; 1.16]. Corresponding to the empty family of maps on X we have the anti- discrete 
pre-uniformity uq = {{X}}, which is not a uniformity (cf. [1; 8.3]). 

The pre-uniformity uj is a uniformity (and is initial in U with respect to /), provided 
that each Y x is a uniform space, and / is point-separating, i.e. for every pair of distinct 
points x, y G X there exists a A such that f\(x) ^ fx(y) (cf- [50; 1.8 and 1.17]). 

2.12. Finest uniformity. (Pre-)uniformities on a set X are ordered by inclusion, as 
subsets of the set of all covers of X. Given a family u of pre- uniformities ux on a set 
X, the initial pre-uniformity Uf corresponding to the family / of maps fx '■ X — > (X, Ux) 
is the least upper bound supw of the family u (cf. [17; §11.1.5]). If at least one ux is a 
uniformity, then so is sup u. By the above, sup u = {C\ A • ■ • A Ck \ k G N, Ci G |J A Ux}- 

A cover C\ of a set X is called normal with respect to a family F of covers of X, if 
it can be included in an infinite sequence C\; C2, C3, . . . of covers of X such that each 
Cj+i star-refines Ci, and each Cj is refined by some element of F. If F is nonempty and 
every two elements of F have a common refinement in F, then it is easy to see that the 
family of covers of X, normal with respect to F, constitutes a pre-uniformity % on I. 
Clearly, uf is the finest among those pre- uniformities ux that have a basis contained in 
F; that is, up = supu and up G u, where u is the family of all the ux (cf. [50; 1. 10]). 
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2.13. Fine uniformity. The induced topology of every uniformity is Tychonoff ^com- 
pletely regular Hausdorff=T 3 i ) [50; 1. 11], and every pre-uniformity whose induced topol- 
ogy is T\ is clearly a uniformity. Given a Tychonoff topological space X, its topology is 
initial with respect to the family / of all continuous maps f\ : X — > R, and therefore is 
induced by the uniformity it/, with respect to the usual uniformity on R (cf. [50; 1.15]). 
Once the set of uniformities inducing the given topology on X is non-empty, there exists 
a finest such uniformity ux, consisting of all covers of X that are normal with respect 
to the family of all open covers of X (cf. [50; 1.20]). This is the fine uniformity of the 
Tychonoff topological space X. A map from (X, Ux) into a pre-uniform space is uni- 
formly continuous iff it is continuous, and ux is characterized by this property [17; Exer. 
IX. 1.5]; at the same time, a map (X,Uf) — > R is uniformly continuous iff it is continuous. 
By [17; Exer. IX. 1.5], ux corresponds to the family of all pseudo-metrics on X that are 
uniformly continuous as functions X x X — > R; whereas by [17; Example at the end of 
§IX.1.2], Uf corresponds to the family of all pseudo-metrics d\(x,y) = \f\(x) — fx(y)\- 

It is well-known that every open cover of a paracompact topological space has an open 
star-refinement (cf. [29; 5.1.12]) and that every metrizable topological space is paracom- 
pact (see [11] or [29]). It follows that the fine uniformity of a metrizable topological 
space X consists of all covers that can be refined by open covers. This uniformity is 
itself almost never metrizable — specifically, it is metrizable if and only if the set K of 
non-isolated points of X is compact, and the complement to any uniform neighborhood 
of K is uniformly discrete (see [1], [56], [75]). 

2.14. Final pre-uniformity. Given a set X and a family / of maps f\\ Y\ — > X 
from pre-uniform spaces, the collection up of all covers of X, normal with respect to 
the family F of all covers C of X such that the cover / A " 1 (C) of Y\ is uniform for each 
A, is a pre-uniformity u? on X. Clearly vJ is the finest pre-uniformity on X making 
all the f\ uniformly continuous (cf. [50; Exer. 1.7]). Moreover, it is easy to see that 
u? is final in U with respect to /; that is, a map g : (X, u?) — > Z, where Z is a pre- 
uniform space, is uniformly continuous if (and, obviously, only if) each composition 

Y\ (X, u?) A Z is uniformly continuous. (To see this, note that if D' star-refines 
D, then g~ 1 {D') star-refines g~ 1 {D).) Conversely, if a pre-uniformity on X is final with 
respect to /, then it is the finest pre-uniformity making each fx uniformly continuous 
(this is the dualization of [1; 10.43]). Thus we may call u* the final pre-uniformity in 
U with respect to /. Corresponding to the empty family of maps into X we have the 
discrete pre-uniformity w , which is a uniformity (cf. [1; 8.1]). We note that the fine 
uniformity of a topological space (S,t) is nothing but the final uniformity corresponding 
to the family of inclusions in S of all compacta in (S, t) considered as uniform spaces 
(with their unique uniformity). 

In general, the question when u^ is a uniformity is not easy (see [50; Exer. 1.7], 
[36; Theorem 2.2] for partial results). Instead, one has the following construction. 

2.15. Uniform space associated to a pre-uniform space. If X is a pre-uniform 
space, let ~ be the separating equivalence relation on X defined by x ~ y iff every 
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uniform cover of A contains an element U such that x,y G U. Equivalently, x ~ y iff 
d(x, y) = for each uniformly continuous pseudo-metric on A. Let / : X — > Xj ^ assign 
to each point its separating equivalence class. If C is a uniform cover of X, then f(C) 
is normal with respect to /; indeed, f~ l (f{U)) C st(U,C) for every U G C and every 
uniform cover C of X (in particular, this holds with C = C), and therefore f~ 1 (f(C)) 
refines D whenever C strongly star-refines D. It follows that the covers /(C), where C 
runs over all uniform covers of X, form the pre-uniformity u* on A/^; by construction 
it is a uniformity. (Cf. [17; §11.3.8].) 

2.16. Coarsest pre-uniformity. Given a family u of pre-uniformities u\ on a set X, 
the final pre-uniformity Uf corresponding to the family / of maps f\\ (X,u\) — > A is 
the greatest lower bound inf u of the family u. Alternatively, inf u = sup it*, where the 
set it* of lower bounds of it among all pre-uniformities on X is non-empty as it contains 
the anti-discrete pre-uniformity u$ (cf. [17; §11.1.5]). Similarly sup it = inf it*, where the 
set it* of upper bounds of it among all pre-uniformities on X is non-empty as it contains 
the discrete uniformity it . By the above, inf it consists of all covers, normal with respect 
to the family f) x u\. 

If F is a family of covers of a set X such that every C G F is normal with respect to 
F, then it is easy to see that the family of covers C\ A • • • A C&, where k G N and each 
Cj G F, is a base of a pre-uniformity u F on X. Clearly, u F is the coarsest among those 
pre-uniformities it a that contain F; that is, u F = inf it and it F G it, where it is the family 
of all the u x (cf. [50; 1.9]). 

2.17. Coarse uniformity. A Tychonoff space X admits a coarsest uniformity u x 
inducing its topology iff X is locally compact; when X is locally compact, u x coincides 
with the uniformity of the subspace of the one-point compactification of X, as well as 
with the initial uniformity with respect to the family of all continuous maps X — > M. that 
vanish on the complement to a compact set [80; Theorem XIV] (see also [50; Exer. 11.10], 
[17; Exer. IX. 1.1 5]). Furthermore, a metrizable space X admits a coarsest metrizable 
uniformity inducing its topology iff X is locally compact and separable [81; Corollary to 
Theorem 1]. 

2.18. Product. The product Y\ X\ of uniform spaces X\ is their set-theoretic product X 
endowed with the initial uniformity with respect to the family of projections ir\ : X — > X\ 
(cf. [1; 10.53]). Thus the induced topology of n^Cv is the product topology, and a cover 
of is uniform iff it is refined by ix^iCi) A • ■ • A ir^(Ck) for some uniform covers 
Ci, . . . , Cfc of some finite subcollection X Xl , ■ ■ ■ , X\ k . It is easy to check that (A, 7r A ) is 
also the product of Aj's in U in the sense of abstract category theory (see [50; p. 14]). 

If A and Y are metrizable uniform spaces and C n , D n , n = 1,2,... are bases of 
their uniform covers, then clearly E n := 7r^ 1 (C n ) A 7r^ 1 (D„) form a basis of uniform 
covers of A x Y, where Tlx and ity denote the projections. It follows that given met- 
rics, denoted d, on A and Y, then a metric on A x Y is given by di^^x, y), (x',y')) = 
ma.x{d(x, x'), d(y,y')}. Since a + b > max{a, b) > |(a + b) whenever a, b > 0, it 
is uniformly equivalent to di x , where ^((x, y), (x', y')) = d(x,x') + d(y,y'). Since 
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max{a,6} 2 < a 2 + b 2 < (a + b) 2 , these metrics are also uniformly equivalent to di 2 , 
where d h {{x, y), (x' } y')) 2 = d(x, x') 2 + d(y, y'f . 

Now let Xi,X 2j . . . be metrizable uniform spaces and for each i let C„ , n = 1, 2, . . . 
be a basis of uniform covers of Xj. Then a basis of uniform covers of f| Xj is given by 
£> n := Trr 1 ^) A ^(C^) A ■ • • A Tr^C^), which is indeed a fundamental sequence. 
It follows that if di is a metric on Xj such that Xj is of diameter at most 1 , the uniformity 
on i s induced by the l± metric d((xi), (y t )) = 2~ % di(xi, y^) and by the metric 
d((xi), (yi)) = sup{2-*rf i (x i ,?/i)}. 

2.19. Disjoint union. The disjoint union \_\X\ of uniform spaces X\ is their set- 
theoretic disjoint union X endowed with the final pre-uniformity with respect to the 
injections L\: X\ — > X (cf. [1; 10.67(2)]). This pre-uniformity is obviously a uniformity 
(cf. [50; Exer. I.7(i)]). A cover C of \_\X\ is uniform iff (C) is uniform for each 
A; indeed, every cover C satisfying the latter condition is star-refined by another such 
cover [j L\(C\), where each C\ star- refines l^ 1 (C). It is easy to check that (X, L\) is the 
coproduct of XiS in U in the sense of abstract category theory (see [50; p. 14]), and that 
its underlying topology is the topology of disjoint union (see [50; II.8]). 

We note that infinite disjoint unions of metrizable uniform spaces normally fail to be 
metrizable. Finite disjoint unions preserve metrizability. Indeed, if X and Y are metric 
spaces of diameter < 1, we can extend their metrics to a metric on the set-theoretic 
disjoint union of X and Y by d(x, y) — 1 whenever x G X, y e Y; clearly, it induces the 
uniformity of the disjoint union. 

A metrizable replacement of the countable disjoint union \_\Xi is the inverse limit of 
the finite disjoint unions Yi := (X\ U ■ • • U Xi) U N and the maps fi : Yi + i — > Yi defined 
by fi\xj = id for j < i, fi{X i+1 ) = and fi(i)=i-l for i > 0. 

2.C. General nonsense II: Morphisms 

2.20. Mono- and epimorphisms. Monomorphisms in IA are injective W-morphisms 
[50; II. 4] ; in other words, a W-morphism / : X — > Y is injective iff U- morphisms g, h: Z — > 
X coincide whenever their compositions with / coincide. Epimorphisms in U are U- 
morphisms with dense image (cf. [50; p. 15 and 1.13]); in other words, a W-morphism 
/: X — > Y has dense image iff U- morphisms g,h:Y — > Z coincide whenever their 
pre- compositions with / coincide. 

It is not hard to see that monomorphisms in U are again injective W-morphisms (cf. 
[1; 7.38]); whereas epimorphisms in U are surjective U- morphisms (cf. [1; 7.45 for D; 
21.13(1) and 21.8(1) for c]). 

More generally, a family / of uniformly continuous maps fx'. X — > Y\ is a mono- 
source in hi iff it is point-separating; the former means that two maps g,h: Z — > X 
coincide whenever the compositions Z A X -A Y\ and Z A- Y ^> Y\ coincide for each 
A [1; 10.8]. Dually, a family / of uniformly continuous maps fx'- Yx — > X is an epi-sink 
in U iff it is jointly surjective (i.e. Ua/O^0 = X)] the former means that two maps 
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g,h: X Z coincide whenever the compositions Y\ — ^> X A Z and Y\ — ^> Y -\ Z 
coincide for each A (cf. [1; 10.64 for 'if; 21.13(1) and 21.8(1) for 'only if']). 

The above remarks along with [1; 21.14 and 21.8(1)] as well as with [1; 15.5(1)] and 
it dual yield 

Proposition 2.21. (a) Given a family of uniformly continuous maps fx'. X — > Y\ 
between pre-uniform spaces, there exist a uniformly continuous surjection h: X — >■ Z 
and a point- separating family g of uniformly continuous maps g\\ Z — >■ Y\, where Z has 
initial uniformity with respect to g, such that each f\ = g\h. Such a factorization is 
unique up to uniform homeomorphism. 

(b ) Given a family of uniformly continuous maps f\\Y\^-X between pre-uniform 
spaces, there exist a uniformly continuous injection h: Z Y and a jointly surjective 
family g of uniformly continuous maps gx'.Yx — >■ Z , where Z has final uniformity with 
respect to g, such that each f\ = hg\. Such a factorization is unique up to uniform 
homeomorphism. 

2.22. Embedding. A uniformly continuous map f : A — >■ X of uniform spaces is 
called an embedding if it is injective, and the uniformity on A is initial with respect 
to / (cf. [1; 8.6]). Thus if /: A — > X is an embedding, a basis of the uniformity 
of A is given by the covers / _1 (C), where C runs over all uniform covers of X. In 
fact, all uniform covers of A are of this form; for if D is refined by f~ l (C), then the 
cover E := {U U f(V) | V E D, U E C, f~\U) C V} is refined by C and satisfies 
f~ x (E) = D since / _1 (/(V)) = V due to the injectivity of /. Thus an injective map 
between uniform spaces is an embedding iff it is a uniform homeomorphism onto its 
image with the subspace uniformity. 

Composition of embeddings is an embedding; and if the composition X — > Y — > Z is an 
embedding, then so is / [1; 8.9]. By Proposition 2.21(a), every uniformly continuous map 
between pre-uniform spaces is a composition of a uniformly continuous surjection and 
an embedding; this factorization is unique up to uniform homeomorphism (cf. [50; II.5]). 

2.23. Extremal and regular monomorphisms. Embeddings coincide with extremal 
monomorphisms in U and also with regular monomorphisms in U [1; 21.13(4) and 
21.8(1)]. A W-monomorphism (i.e. a uniformly continuous injection) /: A — > X is 
extremal in U if, once / factors in U through a W-epimorphism (i.e. a uniformly con- 
tinuous surjection) g : A — > B, this g must be a uniform homeomorphism. A uniformly 
continuous map / : A — > X is a regular monomorphism in U if there exist W-morphisms 
g,h: X — > Y such that / is their equalizer, that is, gf = hf, and any W-morphism 
/': B — > X satisfying gf = hf uniquely factors through / in U. 

It is easy to see that extremal monomorphisms in U coincide with embeddings onto 
closed subspaces. To see that regular monomorphisms in U coincide with embeddings 
onto closed subspaces, note that if A is a closed subspace of a uniform space X, then 
for each x E X \ A there exists a uniformly continuous map g x : X — > [0, oo) such that 
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g x (A) = {0} and g x (x) ^ [50; 1.13]; consequently, the uniformly continuous map 
YlQx -.X^ Ux\ A [0,oo) satisfies (Ilfe) -1 ^) = A - 

It follows that the pullback of an embedding is an embedding [1; 11.18]. 

2.24. Quotient. A uniformly continuous map /: X — y Q of pre-uniform spaces is 
called a quotient map if it is surjective, and the pre-uniformity on Q is final with respect 
to / (cf. [1; 8.10]). This quotient pre-uniformity therefore consists of all covers C\ of 
Y such that C\ admits a star-refinement C%, which in turn admits a star- refinement 
C3, etc., so that f~ l (Ci) is uniform for each i. Note that the uniform space associated 
to a pre-uniform space (see 2.15 above) is its quotient. On the other hand, if X is a 
uniform space, then the quotient pre-uniformity does not need to be a uniformity in 
general. For instance, if / has a non-closed point-inverse, then no uniformity on Q can 
make / uniformly continuous. See [36; Theorem 2.2] for a characterization of quotients 
of uniform spaces whose pre-uniformity is a uniformity. Given a uniform space X and 
an equivalence relation R on the underlying set of X, the quotient X/R is the set of 
equivalence classes of R endowed with the quotient pre-uniformity. 

f 

Composition of quotient maps is a quotient map; and if a composition X — > Y — > 
Z is a quotient map, then so is / [1; 8.13]. Every uniformly continuous retraction 
is a quotient map [1; 8.12(2)]. By Proposition 2.21(b), every uniformly continuous 
map between pre-uniform spaces is a composition of a quotient map and a uniformly 
continuous injection; by the above, the latter is in turn a composition of a uniformly 
continuous bijection and an embedding; this factorization into three maps is unique up 
to uniform homeomorphism (cf. [50; II. 5]). 

2.25. Extremal and regular epimorphisms. Quotient maps coincide with extremal 
epimorphisms in U and also with regular epimorphisms in U [1; 21.13(5) and 21.8(1)]. 
A W-epimorphism (i.e. a uniformly continuous surjection) / : X — > Q is extremal in U if, 
once / factors in U through a W-monomorphism (i.e. an uniformly continuous injection) 
p: R — >■ Q, this p must be a uniform homeomorphism. A uniformly continuous map 
/ : X — > Q is a regular epimorphism in U if there exist W-morphisms g, h : Y — > X such 
that / is their coequalizer, that is, fg = fh, and any W-morphism /' : B — > X satisfying 
f'g = fh uniquely factors through / in U. 

Extremal epimorphisms in U coincide again with quotient maps, for they coincide with 
extremal epimorphisms in U as long as they are surjective — which they have be due to 
the second condition in the definition of an extremal epimorphism. To see that regular 
epimorphisms in U coincide with quotient maps, note that a quotient map q : X — > Q is 
the coequalizer of the projections of the subspace {(x, y) \ q(x) = q(y)} of X x X onto 
the factors; and the coequalizer of a pair of maps from a pre-uniform space Y into X 
equals the coequalizer of the resulting maps from the uniform space associated to X. 

It follows that the pushout of a quotient map is a quotient map (dually to [1; 11.18]). 

2.26. Extremal mono-sources and epi-sinks. The uniqueness part of Proposition 
2.21 implies the following. A family / of W-morphisms fx' X — > Y\ is an extremal 
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mono-source in U iff it is point-separating, and X has the initial uniformity with respect 
to /. The extremality means that once / factors in U through a W-epimorphism (i.e. a 
uniformly continuous surjection) g : X — > Z, this g must be a uniform homeomorphism. 
Dually, a family / of W-morphisms f\ : Y\ — >■ X is an extremal epi-sink in U iff it is 
jointly surjective, and X has the final uniformity with respect to /. Here the extremality 
means that once / factors in U through a W-monomorphism (i.e. an uniformly continuous 
injection) p: R — > Q, this p must be a uniform homeomorphism. 

Combining the above with [1; 10.26(2)] and its dual, we obtain 

Corollary 2.27. (a) Let f be a family of U-morphisms f\ : X — >■ Y\. Then Ylf - X — > 
T A Y\ is an embedding if and only if f is point- separating and X has the initial unifor- 
mity with respect to f . 

(b) Let f be a family of U -morphisms f\: Y\ — >■ X. Then |_|/: \_\ x Y\ — >■ X is a 
quotient map if and only if f is jointly surjective and X has the final uniformity with 
respect to f . 

From [1; 10.35(5)] we deduce 

Proposition 2.28. f\: X\ — > Y\ be a family of uniformly continuous maps between 
pre-uniform spaces. 

(a) If each f\ is an embedding, then so is Y\f\'- — > Ylx^- 

(b) If each f\ is a quotient map, then so is \_\ f\ : |J A X\ — >■ |J A Y\. 

From [1; 27.15] (see also [1; 28.14]) and its dual we deduce 

Proposition 2.29. (b) If g: A — > X is an embedding and Y is a uniform space, then 
gUi&y '■ AUY is an embedding. In particular, l 2 : Y — > XL\Y is an embedding. 

(b)Ifq: X — > Q is a quotient map and Y is a uniform space, then q x idy : X x Y — > 
Q x Y is a quotient map. In particular, 7r 2 : X x Y — > Y is a quotient map. 

In fact, a product of quotient maps is a quotient map [47; Theorem 1] (for the case of 
a finite product see also [50; Exer. 111.8(c)]). A product of two sequential direct limits 
is the sequential direct limit of the products [8] (which is not the case for topological 
spaces) . 

2.30. Graph. If /: X — > Y is a possibly discontinuous map between uniform spaces, 
its graph Ff is the subspace {(x, f(x)) \ x G X} of X x Y . If / is (uniformly) continuous, 
is (uniformly) homeomorphic to X, via the composition r^— > X x Y — ^ X of the 

inclusion and the projection, whose inverse is given by X X x Y. 

In particular, every continuous map / : X — > Y between uniform spaces is the compo- 
sition of the homeomorphism X — > F f and the uniformly continuous map Ff ->Ix7 — y 
X. Similarly, every uniformly continuous map between metric spaces is a composition 
of a uniform homeomorphism and a 1-Lipschitz map. 
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2.D. Function spaces 

If X and Y are uniform spaces, and C is a uniform cover of Y, let U(X, C) be the cover 
of the set U(X,Y) of uniformly continuous maps X — > Y by the sets Of := {g | Vx G 
X3U G Cf(x),g(x) G C/} for all / € £/(X,Y). One can check that the covers U(X,C) 
form a base of a uniform structure on £7(X, Y), which therefore becomes a uniform space. 

If Y is metrizable, then so is U (X, Y); specifically, if d is a bounded metric on Y, then 
d(f,g) 

— sup x&x d(f(x), g(x)) is a bounded metric on U(X,Y). 
If F is complete, then so is U(X,Y) (cf. [50; III. 31]). If X is compact and Y is 
separable metrizable, then U(X,Y) is separable (see [29; 4.2.18]). 

2.31. Absolute extensors. We call a uniform space Y an A[N]EU if for every (not 
necessarily metrizable) uniform space X and every (not necessarily closed) subspace 
A C X, every uniformly continuous map A — > X extends to a uniformly continuous 
map X — > Y [respectively, N — > Y, where N is a uniform neighborhood of A in X]. 
AEUs are also known as "injective spaces" [50] since they are the injective objects of 
the category of uniform spaces and uniformly continuous maps. 

By Katetov's theorem (see [50; III.9] or [3 ] or [53] or [6] ; see also [89], [66]), the 
unit interval / is an AEU. Isbell's finite-dimensional uniform polyhedra are known to be 
ANEUs [48; 1.9], [50; V.15]. (Infinite-dimensional uniform polyhedra will be treated in 
the sequel to this paper.) 

Every ANEU is complete, using, inter alia, that the only uniform neighborhood of X 
in its completion X is the entire X (see [50; V.14], [48; 1.7], [50; III.8]). 

Theorem 2.32. [50; III. 14] If D is a discrete uniform space andY is an A[N]EU, then 
U(D, Y) is an AfNjEU. 

In particular, U(D, I) is an AEU. 

Proof. If Z a uniform space, it is easy to see (cf. [50; III. 13]) that a map / ' : Z — >■ U (D, Y) 
is uniformly continuous if and only if F: Z x D — > Y, defined by F(z,m) = f(z)(m), 
is uniformly continuous. But since X is an A[N]EU, every uniformly continuous map 
AxD — > Y extends to a uniformly continuous map ZxD Y [respectively, NxD — >■ Y, 
where is a uniform neighborhood of A in Z], for every A C Z. □ 

We note that U (N, I) is inseparable, where N denotes the infinite countable dis- 
crete space and / = [0,1]. On the other hand, go : = U ((N + , oo) , (1 , 0)) is separable, 
where + stands for the one-point compactification. (We recall that the functional space 
£/((N + , oo), (R, 0)) is known as c .) 

Corollary 2.33. q is an AEU. 

Proof. (Compare [13; Example 1.5].) We define r: U(N,I) — > q by (r(x)) n = 0, if 
x n < d(x,q ), and (r(x)) n = x n — d(x,q ) if x n > d(x,q ), where d(x,q ) = limsupx n . 
Clearly, r is a uniformly continuous retraction. Since U(N, I) is an AEU, we infer that 
so is q . □ 
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2.34. Semi-uniform product. A subset S C U(X,Y) is called uniformly equicontinu- 
ous (or equiuniformly continuous) if for each uniform cover D of Y there exists a uniform 
cover C of X such that for each / G S, the cover f~ 1 (D) is refined by C (equivalently, 
f(C) refines DDf(X)). 

Given a map f : Z —)■ U (X, Y), consider F: Z x X — >■ Y , defined by x) = f(z)(x). 
The following are equivalent [50; 111.21, 111.22, 111.26]: 

• / is uniformly continuous and its image is uniformly equicontinuous; 

• F is uniformly continuous; 

• F(z,*): X — > Y is a uniformly equicontinuous family and F(*,x): Z — > Y is a 
uniformly equicontinuous family. 

The semi-uniform product Z x X of a uniform space Z and a metrizable uniform 
space X is the set Z x X endowed with the uniformity with basis consisting of covers 
{Ui x VJ}, where {£/*} is a uniform cover of Z and for each i, {VJ} is a uniform cover 
of X (see [49; 2.2 and 2.5], [50; 111.23 and 111.28]). Note that Z x X does not have to 
be metrizable if Z and X are. Z x X is uniformly homeomorphic toZxI when Z is 
compact or X is discrete [50; III. 24] and is always homeomorphic to Z x X [50; III. 22]. 

Given a map f:Z—> U(X, Y), consider $ : Z x X — > Y, defined by a?) = f(z)(x). 
The following are equivalent [50; III. 22, III. 26]: 

• / is uniformly continuous; 

• $ is uniformly continuous; 

• <&(z, *) : X — > Y is uniformly continuous for each z G Z, and $(*, x) : Z — )■ F is 
a uniformly equicontinuous family. 

Remark 2.35. Note that the uniform continuity of *) : X — >■ Y for each z G Z and 
of $(*,x): Z — )■ Y for each i 6 I is equivalent to the uniform continuity of /: Z — > 
U pw (X,Y), where U pw is the space of uniformly continuous maps with the uniformity 
of pointwise convergence; the corresponding uniformity X M Y on the product 1x7 
need not be pre-compact even if both X and Y are compact [50; Exer. III. 7]. Another 
symmetric version sup(wxy? uyx) of the uniformity uxy of X x Y is studied in [10]. 

Theorem 2.36. [49; 2.6] 7 [50; III. 25] If X is a metrizable uniform space and Y is an 
AfNjEU, then U(X, Y) is an AfNjEU. 

We note that the proof essentially involves non-metrizable spaces when Y is metriz- 
able. A rather technical proof, not involving non-metrizable spaces, of the case Y = I 
is found in [50; III. 18]. 

Proof. If X is an AEU, every uniformly continuous map A K X — ^ Y extends to a 
uniformly continuous map Z x X — > Y, for every A C Z. 

The ANEU case is similar, using additionally that every uniform neighborhood of 
C tx X in Z x X contains {7 x X for some uniform neighborhood U of C in Z. □ 

2.37. Hyperspace. If M is a metric space, the space H(M) of all nonempty closed 
subsets of M is endowed with the Hausdorff metric d' H = min(djj, 1), where du(A, B) = 
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max{sup{<i(a, B) \ a G A}, swp{d(A, b) \ b G B}}. If X is a metrizable uniform space, 
the induced uniform structure of its hyperspace H(X) is well-defined, and if Y is complete 
or compact, so is H(X) [50; 11.48, 11.49]. One can show that dn(A,B) equals the 
supremum of \d(x, A) — d(x, B) \ over all x G X; this identifies H(X) with a subspace of 
U(X, [0,1]) (see [11]). 

2.E. Finiteness properties of coverings 

It is not hard to see that every uniform cover of a separable uniform space has a countable 
uniform refinement (cf. [36; 2.3]). 

2.38. Dimension. A cover C of a set S is said to be of multiplicity < m if every 
x G X belongs to at most m elements of C . We say that a uniform space X is of 
dimension < d if every uniform cover of X is refined by a uniform cover of multiplicity 
<d+l. (Isbell calls this the "large dimension" of X; however, when finite, it coincides 
with what he calls the "uniform dimension" [50; Theorem V.5].) We call X residually 
finite- dimensional if every uniform cover of X is refined by a uniform cover of finite 
multiplicity (in the literature these are also known as "finitistic" or "distal" uniform 
spaces). Note that every compactum is residually finite-dimensional. 

Lemma 2.39. The completion of a residually finite dimensional space is residually finite 
dimensional. 

Proof. This is similar to [50; IV. 23] but for the reader's convenience we include a direct 
proof. Let C be a uniform cover of X with a Lebesgue number 3A. Then every subset 
of X of diameter A has its A-neighborhood contained in some U G C, and therefore is 
itself contained in U' := {x G X \ d(x,X\ U) > A}. Thus D :— {[/' | U G C} is a 
uniform cover of X. The cover D of X by the closures of the elements of D is uniform 
[50; II. 9], and obviously its multiplicity does not exceed that of C. □ 

2.40. Point-finite, star-finite and Noetherian spaces. We recall that a cover {U a } 
of a set X is called point-finite if each i6l belongs to only finitely many U^s. Next, 
{U a } is called star-finite if each Up meets only finitely many f/ Q 's. Following [42; §7], 
we call {U a } Noetherian if there exists no infinite sequence U ai , U a2 , . . . such that U ai D 
• • • H U an is nonempty for each n G N. The following implications are straightforward. 

star-finite finite multiplicity 
Noetherian 
point-finite 

It is well-known that every metrizable space is paracompact so in particular weakly 
paracompact, i.e. every its open cover admits an open point-finite refinement; and that 
every separable metrizable space is strongly paracompact, i.e. every its open cover admits 
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an open star-finite refinement (see [14] or [29]). It is asserted in [42; §7] that every open 
cover of every paracompact space admits an open Noetherian refinement. 

A uniform space X is called point-finite (star-finite; Noetherian) if every uniform 
cover of X has a point-finite (star-finite; Noetherian) uniform refinement. We caution 
the reader that in the literature, "uniform paracompactness" and its variations refer to a 
completely different menagerie of properties, involving arbitrary open coverings besides 
uniform coverings. 

Proposition 2.41. A uniform cover of every d- dimensional (resp. of every residually 
finite- dimensional) star-finite uniform space has a star-finite uniform refinement of mul- 
tiplicity < d + 1 (resp. of finite multiplicity). 

For a deeper study of compatibility of properties of covers see [36; §1]. 

Proof. Let C be the given uniform cover of the given space X. Then C has a star- 
finite uniform refinement D, which in turn has a uniform refinement E of multiplicity 
< d + 1 (finite multiplicity). Thus each U G E lies in some V = f(U) G D. Then 
{|J f^iV) | V G D} is a cover of X with the desired properties. □ 

It has been a long-standing open problem of Stone (1960), reiterated in [50; Research 
Problem B 3 ], whether every metrizable uniform space (or every uniform space indeed) 
is point-finite. It has been resolved in the negative by J. Pelant and (independently) E. 
V. Shchepin (1975; see references in [12]); only recently it has been shown that U(N,I) 
fails to be point-finite [42]. 

In contrast, the separable space c := £/((N + , oo), (R, 0)) is point-finite, as observed in 
[70; 2.3]; here M + = NU {oo} is the one-point compactification of the countable discrete 
uniform space N. Indeed, for each e > 0, the covering of Co by all balls of radius |s 
centered at points of the lattice t/((N + , oo), (eZ, 0)) is uniform (with Lebesgue number 
g£) and point-finite. 

Theorem 2.42 ([88]). Every separable metrizable uniform space is point-finite. 

Proof. Let D be the given uniform cover of the given space X, and let C = {Ui} be 
a countable strong star-refinement of a strong star- refinement of D. Let us consider 
W n = st{U n , C) \ [st([/i, C) U ■ • • U st(f/ n _i, C)] and let V n = st(W n , C). Since {WJ is 
a cover of X, {Vi} is a uniform cover of X. Since Vi C st(st(C/j, C), C), {Vi} refines D. 
Let us prove that each Ui meets only finitely many V^'s. If Ui fl st(W n ,C) ^ 0, then 
st(£/j, C) D W n 7^ 0, hence i < n by the construction of W n . □ 

Theorem 2.42 also follows from Aharoni's theorem: every separable metric space ad- 
mits a Lipschitz (hence uniform) embedding in cq (see [70; Theorem 3.1]). We find it 
easier, however, to prove 2.42 directly and then use it to give a short proof (following 
[70; 2.1]) of the relevant part of Aharoni's theorem. 

Theorem 2.43 (Aharoni; see [70]). Each separable metrizable uniform space uniformly 
embeds into the function space qo = £/((N + , oo), ([0, 1], 0)) ; where N + is the one-point 
compactification of the countable discrete uniform space N. 
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Proof. Let M be the given space with some fixed metric. Let C n be the covering of 
M by balls of radius 2~ n . By 2.42 it has a countable uniform point-finite refinement 
D n . Let A n be a Lebesgue number of D n , and suppose that D n = {V n i, V n2 , . . .}. Define 
/ : M x N x N -¥ I by f(x, n, i) = min{d(x, M\V ni ), A n }, and extend / over Mx(Nx N) + 
by f(x,oo) = 0. 

Since D n is point-finite, each restriction /|iwx{n}xN has support in M x {n} x S n for 
some finite set S n C N. Furthermore, f(M x {n} x S n ) C [0, 2~ n ] since _D n refines 
C n . Hence f(x,*,*): (N x N) + — > I is uniformly continuous for each x G M, and 
/(*, n, i) : M — )■ I plus /(*, oo) is a uniformly equicontinuous family. Thus / determines 
a uniformly continuous map F: M — > U(((N x N) + , oo), (/, 0)). 

If d(x, y) > 2~™ +1 , then no element of D n contains both x and y. Let V n i be an element 
of D n containing the |A n -neighborhood of x. Then f(x,n,i) > \X n and f(y,n,i) = 0. 
Hence d(F(x), F(y)) < |A„ implies d(x,y) < 2~ n+1 . Thus F is injective and F^ 1 is 
uniformly continuous. □ 

Remark 2.44- Theorem 2.43 should be compared with the following results. 

(i) — easy (see [50; 11.19, 11.21], [13; l.l(i)]) Every metric space M of diameter < 1 
isometrically embeds in U(dM, I), where dM is the set M endowed with discrete 
uniformity. Consequently, every uniform space uniformly embeds in a product 
of spaces of the form U(D, I), where D is discrete. 

(ii) - - hard (Banach-Mazur; see [29; 4.5.21], [14; Prop. II. 1.5]) Every separable 
metric space of diameter < 1 isometrically embeds in U(I,I). 

(iii) — (Menger-Nobeling-Pontryagin) Every compactum topologically (hence, uni- 
formly) embeds in the Hilbert cube. (Note that the Hilbert cube is an AEU, 
being a product of AEU's.) 

It is not hard to see that the separable space CN, the cone over the countable uniformly 
discrete space, is not star-finite. (See §3.B for the general definition of a cone; for the 
time being, we may define CN as the subspace of U(N, I) consisting of all functions with 
support in at most one point.) 

Every subspace of the countable product M°° of lines is star-finite: a fundamental 
sequence of star-finite covers of 1R°° is given by /~ 1 (C n ), where f n : 1R°° — > M. n is the 
projection and C n is the set of the open (cubical) stars of vertices of the standard 
cubulation of W 1 by cubes with edge length 1~ n . 

Proposition 2.45. A [d- dimensional] (completely) metrizable topological space is home- 
omorphic to a [d- dimensional] star-finite metrizable (complete) uniform space. 

See [50; VI. 19, VI.24] for related assertions. 

Proof. Let C±, ■ ■ ■ be a basis for a (completely) metrizable uniformity uX on the given 
topological space X. Without loss of generality, each Cj is an open cover. Set D\ = C\, 
and suppose that an open cover Di of X has been constructed. Since X is paracompact, 
there exists an open star- refinement D\ of Di (see [29]). Then D" := D[ ACj+i is an open 
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cover of X refining Cj+i and star-refining Di. [In the case where X is <i-dimensional, D'( 
has an open refinement of multiplicity < d+ 1, and so itself will be assumed without loss 
of generality to be of multiplicity < Since X is strongly paracompact, there exists 

an open star-finite refinement D i+ i of D" (see [14] or [29]). Thus we obtain a sequence of 
star- finite open covers Dx,D 2 ,... such that each D i+ i refines Cj+i and [refines a cover of 
multiplicity < d + 1 that in turn] star-refines Di. The former implies that the sequence 
Di, D 2 , . . . separates points of X, and thus is a basis for some [d- dimensional] star-finite 
metrizable uniformity u'X on the underlying set of X. 

If a subset T C S is open in the induced topology of u'X (that is, for every x G T 
there exists an n such that st(x, D n ) C T), then T is open in X due to the openness 
of the covers Di. Since each Di refines Cj, the identity map u'X — >• mJ is uniformly 
continuous. Hence it'X induces the original topology of X. It remains to observe that a 
uniformity finer than a complete one and inducing the same topology is complete [17]; 
for (in the metrizable case) every Cauchy sequence in u'X is Cauchy in uX and hence 
convergent in X. □ 

It is proved in [42; Theorem 7.1] that the unit ball Q = £/((N + ,oo), ([-1, 1],0)) of 
the separable space c fails to be Noetherian. 

2.46. Uniform local compacta. By a local compactum we mean a locally compact 
separable metrizable space 1 ; or equivalently a metrizable topological space that is a 
countable union of compacta Xi such that each Xj C IntAj +1 ; or equivalently the 
complement to a point in a compactum; or equivalently the complement to a compactum 
in a compactum (see e.g. [29; 3.3.2, 3.8.C, 3.5.11]). 

By a uniform local compactum we mean a metrizable uniform space that has a count- 
able uniform cover by compacta. A map / from a uniform local compactum X into 
a metric space is uniformly continuous iff it is continuous and every two proper maps 
<p, i/j: N — > X such that d(ip(n),ip(n)) — > as n — > oo satisfy d(ftp(n), fip(n)) as 
n — > oo. Every closed subset of a finite-dimensional Euclidean space is a uniform local 
compactum. 

Clearly, every uniform local compactum is complete and its underlying topological 
space is a local compactum. The converse to the latter is false: N x N with the metric 
d((jn,n),(m',n')) = 1 if m ^ m' and d((m,n), (m,n')) = — is not a uniform local 
compactum, although it is topologically discrete. However, an ANRU (see §4. A) whose 
underlying topological space is a local compactum is a uniform local compactum [49; 5.4]. 

Proposition 2.47. A local compactum is homeomorphic to a uniform local compactum. 

A version for not necessarily metrizable spaces goes back to A. Weil (cf. [12; p. 590], 
see also [17; Exer. IX. 1. 15(d)]). 



These are also sometimes called "cr-compacta" , compare [27]; we refrain from this terminology since 
cr-compacta are more commonly not required to be locally compact. 



METRIZABLE UNIFORM SPACES 



23 



Proof. Let d be some metric on the one-point compactification of the given local com- 
pactum X. Then d'(x, y) = d(x, y) + | — d{yoo) I * s a com pl e te metric on X, inducing 
the same topology as d, moreover every ball (of finite radius) in (X, d') is compact. □ 

The constructed uniform structure is not canonical: it depends in general on the choice 
of d in its uniform equivalence class. 

Theorem 2.48 ([48; 1.15], [76; Prop. 1]). Uniform local compacta are star-finite. 

Proof. Let Q = {qi, q2, ■ ■ ■ } be a countable dense subset of X, and suppose that closed 
3£-balls in X are compact. Define Z C Q by q\ G Z, and qi+i G Z unless qi + i is 
contained in the union of the open e-balls about the points of {qi, . . . ,qi} D Z. On the 
other hand, let {V a } be the cover of X by the open e/2-balls about all x G X. If K is 
the closed 3e-ball about some zq G Z, its cover {V a fl K} has a finite subcover {Wj}. 
Since Z contains no pair of points at distance < e from each other, each Wj contains 
at most one z G Z. So K fl Z is finite. Then the cover of X by the |e-balls about the 
points of Z is star-finite; clearly, it is also uniform. □ 

2.49. Bornological conditions. Let X be a uniform space. 

We recall that X is precompact if and only if for each uniform cover C of X there exists 
a finite set F C X such that st(F,C) = X. Every separable metrizable space admits 
a uniformly continuous homeomorphism onto a (non-canonical) precompact metrizable 
space, cf. [40]. 

A subset S of X is called ^-bounded if for each uniform cover C of X there exists a 
finite set F C X and a positive integer n such that S C st n (F, C); here st°(F, C) = F, 
and st n+l {F,C) = st(st n (F, C), C) (see [45], [17; Exer. II.4.7]; an anticipatory definition 
is found in [46] and in an older edition of [17]). It is not hard to see that IR-bounded 
subsets of a uniformly locally precompact space are precompact (cf. [38; 1.18]). On the 
other hand, every uniformly contractible uniform space (for instance, U(X, I) for every 
uniform space X) is M-bounded (as a subset of itself). 

It turns out that S C X is IR-bounded if and only if every uniformly continuous map 
of X into the real line K. with the Euclidean uniformity is bounded on S [38; 1.14] (see 
also [4; Theorem 2], [5; Theorem 7]). In particular, IR-boundedness is preserved under 
uniformly continuous surjections. In fact, S is IR-bounded if and only if it has finite 
diameter with respect to every uniformly continuously pseudo- metric on X; when X is 
metrizable, S is IR-bounded if and only if it has finite diameter with respect to every 
metric on X [38; 1.12, 1.13]. Further references on IR-bounded spaces include [39], [33] 
and those therein. 

A uniform space X is called fine-bounded if every uniformly continuous map from X to 
a fine uniform space F has precompact image. Equivalently (see [85]), if every uniformly 
continuous map from X to M with the fine uniformity is bounded. 

A uniform space X is called N -bounded if it admits no countable cover by uniformly 
disjoint sets (see [85]). Equivalently, if every uniformly continuous map of X into the 
countable uniformly discrete space N is bounded. Clearly, 
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compact =>• precompact =>- M-bounded =>- fine-bounded =>- N-bounded. 

The fine uniformity on M. is N-bounded but not fine-bounded, and the Euclidean 
uniformity on M. is fine-bounded but not K-bounded. However, metrizable N-bounded 
spaces are fine-bounded [84] (see also [77; proof of Theorem 3]). 

3. Metrization of quotient spaces 

The following proposition does not seem to be particularly helpful, but may be relevant 
for motivation of subsequent considerations. 

Proposition 3.1. Let X be a metrizable uniform space with a basis C±, C*2, ... of uni- 
formity, and let Y be a pre-uniform space and f : X —t Y a quotient map. Consider 
the covers D i0 = f(Ci) and Aj+i = {st({?/}, Aj) I V £ Y} ofY. Given an increasing 
if: N ->■ N, write D v = D mfi U U . . . . 

(a) A basis of the pre- uniformity ofY consists of the for all increasing if: N — > N. 

(b) Y is pseudo-metrizable iff there exist increasing ifx, if 2, ■ ■ ■ : N — > N such that for 
every increasing if: N — > N there exists annsN such that D Vn refines D v . 

An analogue of (a) in the language of pseudo-metrics is established in [71]. 

Proof, (a). Each D v is star-refined by D^, where c(k) — k + 1. Each and are 
refined by D x , where xi n ) = max(<^(n), ip(n)). Thus the D v for increasing y3 form a 
pre- fundamental family of covers of Y. Finally, suppose that Eo, E\, . . . is a sequence of 
covers of Y such that each E i+ i star-refines Ei and each f~ 1 (E i ) is uniform. Then f~ l (Ei) 
is refined by for some if: N — ?■ N, or equivalently Ei is refined by f(C^) = D^p. 
Then E is refined by D v . □ 

Suppose that Y is metrizable, and let Ex, E 2 , ... be a basis of its uniformity. Then 
by (a) each E^ is refined by D Vk for some increasing fk '■ N — >• N, and each Z)^ is refined 
by some 

Conversely, suppose that there exist tpi as specified. Then by (a), every uniform cover 
of Y is refined by some D 9 , and by the hypothesis, D v is refined by D ipn for some n. 
Also for each m there exists an n such that is refined by D 9n , where a(k) — k + 1 

so is star-refined by D lfirnCr . By a renumbering we may assume that n = m + 1 
without loss of generality. Then D 9l , D V2 , ... is a basis of the pre- uniformity of Y. □ 

3. A. Quotient maps of finite type 

We say that a map q: X — > Y between two uniform spaces is a quotient map of finite 
type if it is uniformly continuous and surjective, and there exists an n such that for 
every uniform cover C of X, the cover f n {C) = /(st(/~ 1 (/ n _i(C)), C) is uniform, where 
/o(C) is the cover of Y by singletons. Specifically we will say that q is of type n. Most 
important are type 1 quotient maps, which were introduced in [90]. 

Lemma 3.2. Let X be a metrizable uniform space, Q a set, q: X — )■ Q a surjec- 
tion, and u q the quotient pre-uniformity on Q. If d is a metric on X, let d n {x,y) = 
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^x=x ,...,x n =y^2d(q 1 (xi),q 1 (xi+i)) and dooix^y) = inf neN d n (x, y). Clearly, d^ is a 
pseudo-metric on Q. 

(a) [61] If u q is metrizable, then it is induced by d^ for some metric d on X. 

(a 1 ) If u q is metrizable, and (Q,doo) (Q,d n ) is uniformly continuous for some n 
(regardless of whether d n is a pseudo-metric), then u q is induced by d^. 

(b) If q: X — > (Q, u) is a quotient map of finite type for some uniformity u on Q, 
then it is a quotient map (i.e. u— u q ), and u is pseudo-metrizable. 

(c) If d 2n is a metric, then q: X — > (Q,d2 n ) is a type n quotient map. 

(d) If (Qj daa) —¥ (Q,d 2n ) is uniformly continuous (regardless of whether dm is a 
pseudo-metric), then q: X — > (Q, d^) is a type n quotient map. 

(d) [61] = d n iff d n is a pseudo-metric. If d n is a metric, then it induces u q . 

(d!) If (Qjdoo) —> (Q,d n ) is uniformly continuous for some n (regardless of whether 
d n is a pseudo-metric) , then u q is induced by doc. 

(e) The composition of a type m quotient map and a type n quotient map is a type 
mn quotient map. 

To this lemma one should add that if X is a compactum and u q is a uniformity, then 
q: X — > (Q,u q ) is a type 1 quotient map [90]. 

The proof of (a) is easy, and we repeat it as it is used in the proof of (a'). Our proof 
of (d) is much simpler than the original one. 

Part (e) is surprising, because the composition of two quotient maps between uniform 
spaces for which d m and (d m ) n are metrics is obviously a quotient map for which d mn is 
a metric, and easy examples show that this estimate is sharp. Thus a composition of k 
of quotient maps for which d 2 is a metric is still a type 1 quotient map, but with only 
d 2 k being a metric! 

Proof, (a). Suppose that u q is induced by a metric dQ. Then d'(x,y) := dq(q(x) , q(y)) 
is a uniformly continuous pseudo-metric on X. The pseudo-metric d'^x.y) on Q is 
defined as above in the case of a metric. Since dQ satisfies the triangle axiom, d'^ = dQ. 
If d is a metric on X, then d" := d! + d is a metric, which is uniformly equivalent to 
d, and d'^ > d'^ = dQ. Since dQ is a metric (rather than just a pseudo-metric), so is 
d'^. Finally, d'^ is uniformly continuous on (Q, dQ) = (Q, u g ), and therefore is uniformly 
equivalent to d Q . □ 

(a'). In the notation of the proof of (a), we note that d'^ > d^. Then to prove that 
doo is uniformly equivalent to d'^ (and hence induces u q ), it suffices to show that d!^ is 
uniformly continuous on (Q,doo). Now D(x,y) := d'^qi^x) , q{y)) is a uniformly contin- 
uous pseudo-metric on X. So for each e > there exists a 5 > such that d(x, y) < 5 
implies D(x,y) < -e. By the hypothesis there exists a 7 > such that doo(v,w) < 7 
implies d n (v,w) < \8. Then there exist xo, y±, x\, . . . , y n G X such that q(xo) = v, 
q(xi) = q(Vi) for i = 1, ... ,ra, q(y n ) = w and d(x ,yi) H h d(x n ^ h y n ) < 5. In par- 
ticular, each d(xi,yi + \) < 5. Then D(xi,yi + i) < ^e; whereas D(yi,Xi) = for each i. 
Hence d'^v, w) < D(xi, y n ) < e. □ 
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(b) . To prove that q is a quotient map, we need to show that u includes every sequence 
of covers Di of (Q,u) such that f~ 1 (Di) is uniform and -Dj+i strongly star-refines Di 
for each i. Indeed, if C = / -1 (.D n ), then f\{C) = D n , / i+1 (C) = st(fi(C),D n ), and so 
/ re (C) refines D 1 . 

To prove that u is pseudo-metrizable, we use Theorem 2.9. If £"2, ... is a funda- 
mental sequence of covers for X, and Di is a uniform cover of (Q,u), let -D«+i strongly 
star-refine Di, and let C be an E t that refines f~ 1 (D n ). Then f n {C) refines Di, so u has 
a countable basis. □ 

(c) . Suppose that d 2n is a metric. From its definition, q: X — > (Q,d 2n ) is uniformly 
continuous. Let C £ be the cover of X by closed balls of radius e. It suffices to show that 
f n (C e ) is uniform for every e > 0. If x G X, the element / n (x) of f n (C £ ) consists of all y G 
Q such that there exists a chain /(x) = xo, . . . ,x n = y satisfying d(q~ 1 (xi), q~ 1 (xi + \)) < 
e for each %. Then every pair of points y,y' G Q at G?2n-distance < £ is contained in some 
element of f n {C £ ). □ 

(d) . q: X — > (Q, d 2 n) is uniformly continuous by the definition of ofco. By the hypothesis, 
for each e > there exists a 5 > such that every pair of points y,y' G Q at c/oo-distance 
< 5 satisfies d 2n (y, y') < £■ Now the proof of (c) applies. □ 

(d) . If d n satisfies the triangle axiom, then d n = dk for all k > n. Conversely, d n = d 2n 
implies the triangle axiom for d n . The final assertion follows from (b) and (c). □ 

(d!). This follows from (b) and (c'). □ 

(e) . Let h: X A Y A Z be the given composition. Given a uniform cover C and a 
cover D of X, let f t (D,C) = st(r 1 (/( J D)), C) and f i+1 (D,C) = h{U{D, C), C). Then 
h x {D, C) is refined by fi(D, C), hence ^(D, C) is refined by ^(D, C). Writing X for the 
cover of X by singletons, we obtain that f(h m (X, C)) is refined by f(f m (X, C)) = f m (C) 
and therefore is uniform. Let C be a star-refinement of f(h m (X, C)). 

Given a cover D' of F, let fi{D',C) = /(st(/~ 1 ( J D') ? C)) and let f i+1 (D',C) = 
fi(fi(D',C),C). Then f m (D',C) is refined by st(D',C"). If D" is a cover of Z, then 
h m (D",C) is refined by g{fm{g~ 1 {D"),C)). The latter is in turn refined by the cover 
g(st(g- 1 (D"),C'))=g 1 (D",C). 

Finally, let hf(D",C) = h m (D",C) and /^(D^C) = hT(h^{D",C),C). Then 
h™{D",C) is refined by g n {D",C). Hence /w(C) = /w(Z,C) = h™(Z,C) is refined 
by C") = g n {C) and therefore is uniform. □ 

Corollary 3.3 (Marxen [61]). Let X be a metrizable uniform space and S a a uniformly 
discrete family of closed subsets of X . Then the quotient Q of X by the equivalence 
relation whose only non-singleton equivalence classes are the S a is metrizable. 
Moreover, if d is a metric on X then d 2 is a metric on Q. 

Proof. It is easy to see that d^ = d 2 (cf. [61]; see also [90]) and that d 2 (x,y) ^ 
whenever x 7^ y. □ 
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Lemma 3.4 (Nhu [68; 2.5]). If X is a metrizable uniform space and A C X is a closed 
subset, then every bounded metric on A extends to a bounded metric on X . 

The proof given below depends on 3.3, in contrast to Nhu's paper, which the author 
became aware of long after writing up the proof below. The similar assertion for pseudo- 
metrics is well-known [48; Lemma 1.4] (a direct proof), [50; III. 16]. An extension theorem 
for a (possibly unbounded) metric on a closed subset of a metrizable topological space 
was proved by F. Hausdorff (1930). 

We note that the use of functional spaces in the following proof may be replaced by 
a reference to [48; Lemma 1.4], whose proof is elementary. 

Proof. We may assume that the diameter of A does not exceed 1. Then there exists an 
isometric embedding of A into U {dA, I), where dA is A endowed with discrete uniformity 
(see Remark 2.44(i)), which in turn extends to a uniformly continuous map /: X — > 
U(dAJ) (see Theorem 2.32). 2 Pick some metric on X/A, which exists by Corollary 7.4, 
and consider the product metric (or the li product metric) on U(dA, I) x (X/A). Then 
g = f x q: X — >■ U(dA,I) x (X/A) is injective, uniformly continuous, and isometric on 
A. It suffices to prove that its inverse is uniformly continuous. Suppose that Xi,t/i € X 
are such that d(g(xi), g(yi)) — > as i — » oo but d(xi, yi) is bounded below by some e > 0. 
By passing to a subsequence and interchanging with y^ we may assume that either 

(i) d(xi, A) — > and d(y^ A) — > as i — > oo, or 

(ii) d(xi, A) — > 0, while d(y^ A) is bounded below by some 5 > 0, or 

(iii) d(xi, A) and d(y iy A) are bounded below by some 5 > 0. 

In the second case, d(q(xi), q(yi)) is bounded below by 5/2 for sufficiently large i, hence 
d(g(xi), g(y/)) is bounded below. In the third case, let Z be the complement in X to 
the open (^-neighborhood of A. Then q\ z is a uniform embedding, so d(q(xi) 1 q(y i )) 
is bounded below since d(x iy yi) is. In the first case, there exist x' i ^y' i G A such that 
d(x i ,x' i ) — > and d(y i ,y' j ) — > as i — > oo. Then d(x' i ,y' i ) is bounded below by e/2 
for sufficiently large i. Hence d(f(x' i ),f(y' i )) is bounded below. By the triangle axiom, 
d(f(%i),f(yi)) is bounded below. Thus d(g(xi), g(y%)) is bounded below. □ 

3.5. Amalgamated union. Let /: A — > X and g: A — > Y be embeddings between 
uniform spaces with closed images. The pushout of the diagram X 4- A A Y is called 
the amalgamated union of X and Y along the copies of A, and is denoted lU^F; a more 
detailed notation is X Y, where h = gf' 1 is the uniform homeomorphism between 
f(A) and g(A). Thus X LU Y is the quotient of X U Y by the equivalence relation 
x ~ y if {x, y} = {f(a),g(a)} for some a £ A. It is not hard to see that X and Y (and 
consequently also A) can be identified with subspaces of X LU Y. 



Note that U(dA,I) is inseparable (unless A is finite). One can remain within the realm of separable 
spaces here (as long as X itself is separable) by the price of using a more subtle uniform embedding 
(see Theorem 2.43) along with a more subtle extension (see Corollary 2.33). 
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Corollary 3.6. Let X and Y be metrizable uniform spaces and h is a uniform home- 
omorphism between closed subsets A C Y and B C Z , then the amalgamated union 
X Uh Y is metrizable. 

Moreover, there exists a metric on X such that h is an isometry; and if d is any such 
metric, then d 2 is a metric on X UhY . 

The metric d 2 on the amalgamated union (not identified as a metric of the uniform 
quotient) has been considered by Nhu [66], [67] and elsewhere [18], [20], [87]. 

On the other hand, in Corollary 4.41 below we give an alternative proof of the metriz- 
ability of the amalgamated union, which is more direct (based on Theorem 2.9) but does 
not produce any nice explicit metric. It is, however, the explicit d 2 metric that will be 
crucial for applications of Corollary 3.6. 

Proof. The existence of a metric such that h is an isometry follows from Lemma 3.4. If 
h is an isometry, then it is easy to see that = d 2 and that d 2 (x,y) ^ whenever 
x y£ y (cf. [18; 1.5.24]). □ 

3.7. Adjunction space. Let X and Y be uniform spaces, A C X and /: A — y X a 
uniformly continuous map. The adjunction space XUfY is the pushout (in the category 

of pre-uniform spaces) of the diagram X D A — > Y. In other words, IU/F is the 
quotient of X U Y by the equivalence relation x ~ y if x G A and f(x) = y. Its 
equivalence classes are [y] = {y} U f~ l (y) for y G Y and [x] = {x} for x G X \ A. 
We are now ready to prove the main result of this subsection. 

Theorem 3.8. Let X and Y be metrizable (complete) uniform spaces and A a closed 
subset of X . If f ': A — >• Y is a uniformly continuous map, then X UfY is metrizable 
(and complete). 

Moreover, there exists a metric d on X UY such that f is 1-Lipschitz; for any such 
metric, d 3 is a metric on X UfY . 

We note that this includes 3.3 and 3.6 as special cases, apart from the explicit metrics. 

It might be possible to prove the metrizability of the adjunction space, without pro- 
ducing any nice explicit metric, by a more direct method, akin to the proof of Corollary 
4.41 below. In fact, G. L. Garg gave a (rather complicated) construction of a metriz- 
able uniform space with properties resembling those of the adjunction space [35]; in his 
Zentralblatt review of Garg's paper, J. R. Isbell claims, without giving any justification, 
that "the author constructs the pushout of a closed embedding and a surjective mor- 
phism in the category of metrizable uniform spaces" . We note that due to the nature 
of Garg's construction, a proof of Isbell's claim would be unlikely to produce any nice 
explicit metric on the adjunction space. It is, however, the explicit d% metric that will 
be crucial for applications of Theorem 3.8. 

Proof. Let dx and dy be some bounded metrics on X and Y . Let D(a, b) = dx{a, b) + 
rfy(/(a), f(b)) for all a,b G A. Then D is a bounded metric on A; clearly it is uniformly 
equivalent to the restriction of dx over A; and c?y(/(a), /(&)) < D(a, b) for all a,b G A. 
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(Note that D is nothing but the restriction of the l\ product metric to the graph of /.) 
By Lemma 3.4 D extends to a metric, also denoted D, on the uniform space X. Define 
a metric d on X U Y by d(x, x') = D(x, x') if p, q E X, by d(y, y') = dy(y, y') if y,y' EY 
and by d(x, y) = 1 whenever x E X and y EY. Then d(/(a), f(b)) < d(a, b) for a,b E A. 
Since A is closed, d(x, A) > for every i6l\A We have 

for all y,z E f(X), and it follows that 

doo([y], [z]) = [z]) = d(y, 2) 

for all 2/, z G K. Therefore Y is identified with a subspace of X Uj V, and it is easy to 
see that 

d OB (x,[y])=d 2 (x t [y])= inf d(x, f~\z)) + d(z, y) > d(x, A) > 

26/(X) 

for all x E X \ A and y EY and 
dooQx], [x']) = d 3 ([x], [x']) =min(d(x,x'), inf d(x, + d(y, 2) + d(/ _1 (2), x')) 

> min(d(x, x'), d(x, A) + d(x', A)) > 

for any pair of distinct x, x' G X \ A Thus d 3 is a metric (see the first assertion of 
Lemma 3.2(d)). Hence by the second assertion of Lemma 3.2(d), X U/ Y is metrizable. 

Now suppose that X and Y are complete. Let qi,q2,... be a Cauchy sequence in 
Q. Suppose that d 3 (g n , Y) is bounded below. Then each q n = {x n }, where x n E X \ A 
and d(x n , A) is bounded below. Then OC <fi IS 9j Cauchy sequence in X and so converges 
to an x E X \ A. Then q n converges to {x} in Q. If d 3 (q n ,Y) is not bounded below, 
then by passing to a subsequence we may assume that d^{q n , Y) — > as n — > 00. Then 
there exist 2/1,2/2, ■ ■ ■ E Y such that d^{q n) [y n ]) — > as rt — > 00. Then is a Cauchy 
sequence in Q, whence y n is a Cauchy sequence in Y and so has a limit y G V. Then 
[y n ] converges to [y] in Q. Since q±, [yi],q2, [2/2], • • • is a Cauchy sequence and it has a 
subsequence converging to [2/], it converges to [y] itself. □ 

3.B. Cone, join and mapping cylinder 

3.9. Uniform join. Let X and Y be uniform spaces. We define their join to be the 
quotient X x Y x [—1, 1]/ ~, where (x,y,t) ~ (x',y',t') if either t = 1 and x = x' or 
t = — 1 and y = y'. Thus we have the pushout diagram 

Xxyx{-l,l} c IxFx[-l,l] 



XUY — y X * Y, 

where Tr(x,y, —1) = x and n(x,y, 1) = y. By Lemma 2.29(b) and Lemma 2.28(b), ir is 
a quotient map. So if X and F are metrizable or complete, then by Theorem 3.8 so is 
X * Y . More specifically, given metrics, denoted d, on X and Y, then a metric on X * Y 
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is given by 

d(x,x') + d(y,y') + \t- t'\, 

d 3 ([(x,y,t)],[(x , ,y',t , )])=mm 



(In the case t, t' e 



d(x,x') + (t + l) + (t' + l) 
d(y,y') + (l-t) + (l-t') 
(2-\t-t'\) + 2 

-1,1), the four options correspond respectively to the chains 

(x,y,t) -»■ (x',y',t'); 

(x, y, t) -> (x, *, -1) -> (x, *, -1) -> (x, y', t'); 

(x,y,t)-* (*,?/, 1)-)- (x',y',t'); 

(x,y,t)-> (*,y,l)-> (x',*,-l)-> (x',y',t'); 

other cases involve subchains of these chains.) The formula for c?3 implies that if X and 
F are metrizable uniform spaces, and A C X and 5 C F are their subspaces, then A * B 
is a subspace of X * Y . In particular, X * and * F are subspaces of X * Y. Since 
they are uniformly disjoint, their union may be identified with X U F. 

3.10. Uniform cone. The uniform join X *pt is denoted CX and called the cone over 
the uniform space X. Thus CX may be viewed as the quotient space X x [0, 1]/X x {1}. 
Given a metric d on X, by Lemma 3.3, a metric on is given by 

d 2 ([(x,t)}, [(x',t')}) = mm{d(x,x') + \t-t'\, (1 -t) + (1 -*')}• 

If the diameter of X is < 2, then (X, oQ is isometric to the subset X x {0} of (CX, d-i). 

Lemma 3.11. Let X and Y be metrizable uniform spaces. Then X * Y is uniformly 
homeomorphic to CX x Y Uxxy X x CY. 

Proof. Let us fix some metrics on X and Y such that X and Y have diameters < 2. 
Viewing CX as X x [0, 1}/X x {1} and CY as Y x [-1, 0]/Y x {-1}, a metric on CX x F 
is given by 

y, t)], [(a/, y', 0]) = minMx, a/) + %, y') + |t - t'|, %, y') + (1 - t) + (1 - f)}, 
and a metric on X x CF is given by 

d([(x, y, t)}, [{x', y', t')}) = min{d{x, x') + d(y, y') + \t - t'\, d(x, x') + (t + 1) + (t' + 1)}. 

Since the diameters of X and F are < 2, the metrics on CX x F and X x CY both 
induce the same metric d(x, x ! ) + d(y, y') on X x F. Then it is easy to see that the 
metric on CX x F Uxxy X x CY given by 3.6 coincides (exactly, not just up to uniform 
equivalence) with the above metric d% of X * F. □ 

3.12. Euclidean cone. Let d be a metric on a set X such that the diameter of X 
does not exceed ir. Then X x [0, 1]/X x {0} can be endowed with a metric ds modelled 
on the Law of Cosines that holds in Euclidean spaces: d^([(x, t)], [(y, s)}) 2 = t 2 + s 2 — 
2ts cos d(x, y). (Think of X as a subset of the Euclidean unit sphere in some Euclidean 
space.) It is well-known d% is indeed a metric, and that it is complete if d is (see e.g. 
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[18; 1.5.9], [20]). It is not hard to see that the uniform equivalence class of d E does not 
depend on the choice of d in its uniform equivalence class. 

Note that c?e([(x, i)], [(y,t)}) = 2i sin d ^ y ^ , which is bounded below by ^td(x,y) and 
above by td(x,y). This is somewhat "smoother" than with our standard cone metric: 
d 2 {[(x, 1-t)], [(y, l-t)}) = min{2i, d(x, y)}. 

Lemma 3.13. If X is a metrizable uniform space, the Euclidean cone over X is uni- 
formly homeomorphic to CX keeping X fixed. 

Proof. Given a metric d on X, we have the Euclidean metric d E on X x [0, 1]/X X {0} 
and the metric d 2 on CX = X x [0,1] /X x {1}. Define a metric d e on CX by 
d e ([(x,t)],[(y, s)]) = d E ([(x, 1 — t)],[(y, 1 — s)]). Note that if v is the cone vertex, 
d 2 (v,[(x,t)]) = l-t = d e (v, [(x,t)}). 

Let G CX be two sequences. By passing to subsequences and interchanging xt 
with yi, we may assume that either 

(i) d(xi, v) — > and <i(i/j, u ) — > as z — > oo, or 

(ii) <i(xj, v) — >• 0, while u) is bounded below by some 5 > 0, or 

(iii) d(xi,v) and d{y^v) are bounded below by some 5 > 0, 

where = d 2 (*, v) = d e (*, v). We claim that d 2 (xi, yi) — > as i — » oo if and only if 

dei.Xi.yi) — > as z — )■ oo. Indeed, both hold in the case (i); none holds in the case (ii); 
and to do with the case (iii) in suffices to show that the restrictions of d 2 and d e over 
X x [0, 1 — e] are uniformly equivalent for each e > 0. 

It is clear that the restriction of d 2 over X x [0, 1 — e] is uniformly equivalent to the 
li product metric for each e > 0. The restriction of d e over X x [0, 1 — e] is uniformly 
equivalent to the l 2 product metric for each e > 0, using that 

d E ([(x,t)],[(y,s)]) 2 = (t -s) 2 + 2ts(l- cos d(x,y)) = (t - s) 2 + Ats sin 2 ffei^ 
where is G [e 2 , 1], and | < sin z < z as long as z G [0, |]. □ 

3.14. Rectilinear cone and join. Let V be a vector space. Given two subsets S, T C 
V, their rectilinear join S ■ T is the union of S 1 , T, and all straight line segments with 
one endpoint in S and another in T. Obviously, rectilinear join is associative. 

We define the rectilinear cone cS = (S x {0}) •{(0,l)}cFxl We identify S with 
S x {0} C cS. 

Given two vector spaces V and W and subsets S C V and T C W, their independent 
rectilinear join ST = (S x {0} x {-1}) ■ ({0} x T x {1}) c 7 x W x E. We identify 
S, T with S0,0T c ST. 

Lemma 3.15. Let V and W be normed vector spaces, and let X C V and Y C VF. 
T/ien i/iere exists a uniform homeomorphism between c(XY) and cX x cF ; taking XY 
onto cX x y UI x cY. 
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Proof. WehavecX = (X x {0}) • {(0, 1)} C V x / and cY = (Y x {0}) • {(0, 1)} cWxI, 
where I = [0, 1] C K, and 

c(XF) = (X x {0} x {(-1, 0)}) ■ ({0} x Y x {(1, 0)}) • {(0, 0, 0, 1)} C V x W x A, 

where A = c({-l} ■ {1}) is the convex hull of (-1,0), (1,0) and (0,1) in R 2 . Define 
tp: I x I -> A by (0,0) ^ (0,0), (1,0) i-» (1,0), (0,1) h-> (-1,0), (1,1) h+ (0,1) and 
by extending linearly to the convex hull of (0,0), (1,0), (1,1) and to the convex hull 
of (0,0), (0,1), (1,1). Clearly <p is a homeomorphism, and hence (by compactness) 
a uniform homeomorphism. Therefore f: VxIxWxI — > V x W x A, defined 
by f(w,t,v,s) = (w,v,<p(t,s)) is a uniform homeomorphism. It is easy to see that 
/^(cfiy)) =cX xcY and f-\XY) = cX x Y U X x cY . □ 

Lemma 3.16. Let V be a normed vector space and X a bounded subset ofV. Then the 
rectilinear cone cX is uniformly homeomorphic to CX keeping X fixed. 

The proof is based on Lemma 3.13. 

Proof. Let us consider the Zoo norm ||(f,t)|| = max{| \v\ |, t} on V x M. By scaling the 
norm of V we may assume that X lies in the unit ball Q of V. Without loss of generality 
X = Q. Let / : Qxl — >■ cQ send Q x {0} onto the cone vertex {(0, 1)}, and each cylinder 
generator {x} x I linearly onto the cone generator c{x}. 

If x G Q, the cone generator c{x} has M-length 1 (i.e. its projection onto M. has 
length 1) and V- length < 1. Therefore if y G Q and t,s E I, the straight line segment 
[f(x, t), f(y, s)} with endpoints f(x, t) and f(y, s) has M-length \s — 1|; and the segment 
[f(z,max(t,s)),f(z,mm(t,s))}, where z = x if t > s and z — y if t < s, has V- 
length < \s — t\. Since [f(x,max(t, s)), f(y,max(t, s))] is parallel to V, it has 1^-length 
max(t, s)D, where D = \ \x — y\\. Hence by the triangle inequality, [f(x, t), f(y, s)] has V- 
length between max(t, s)D — \s — t\ and max(t, s)D+\s — t\. Thus S := \ \f(x,t) — f(y,s)\\ 
is bounded below by max(|s — 1\, max(t, s)D — \s — t\) and above by max(t, s)D + \s — t\. 

On the other hand, note that 1 — ^- < cos D < 1 — ^- due to ^ < sin y < y 
for D G [0, |]. If we take d(x,y) = \\x — y\\ in the definition of cZ#, these inequalities 
imply that _E 2 := d^([(a;, t)], [(y, s)}) 2 is bounded above by tsD 2 + (s — t) 2 and below by 

We consider two cases. When \ s—t\ < \ max(t, s)D, we have S > max(t, s)D—\s—t\ > 
^max(t, s)D. When \s — t\ > ^max(t, s)D, we have S > |s — t| > | max(t, s)D. 
Thus in either case S > \ max(£, s)D > \y/ts D and S > \s — t\. Hence 4S" 2 + S 2 > 
tsD 2 + (s- t) 2 > E 2 and so 3S > E. 

We consider two cases. When \s — t\ < |max(i, s), we get ts > max(t, s) 2 — 
max(t, s)\s — t\ > |max(t,s) 2 and therefore E 2 > jtsD 2 > | max(t, s) 2 D 2 . When 
|s — t\ > |max(t, s), we get E 2 > (s — t) 2 > |max(t, s) 2 > | max(t, s) 2 D 2 . In either 
case, E > Jmax(t,s)D and E 2 > (s-t) 2 . Hence + > max(t, s)D+ |s -t| > 5. □ 

Lemma 3.17. If X , Y and Z are uniform spaces, x G X and y G Y , then the subspace 
X x {y} x ZU{x} xY x Z of XxY xZ is uniformly homeomorphic to the amalgamated 
union X x Z U {x}xZ={y}xZ Y x Z. 
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This can be seen as a purely category-theoretic fact. 

Proof. The amalgamated union maps onto the subspace in the obvious way. Given maps 
/ : X X {y} x Z -+W and g : {x} xYxZ^-W agreeing on {x} x {y} x Z, one defines 
/ U g using the projections of X x Y x Z onto 1x2 and onto Y x Z. □ 

Lemma 3.18. Let V and W be normed vector spaces, and let X C V and Y C W 
be bounded subsets. Then the subspace cX x Y U X x cY of cX x cF is uniformly 
homeomorphic to the amalgam cX x Y Uxxy X x cY . 

Proof. Lemma 3.16 implies that a uniform neighborhood of X in cX is uniformly home- 
omorphic to X x J. Denote this uniform neighborhood by Ux- Then the uniform neigh- 
borhood Ux x Uy of X x Y in cX x cY is uniformly homeomorphic to X x F x I x J. Hence 
by Lemma 3.17, the subspace C/x xFUlx Uy of t/x x Uy is uniformly homeomorphic 
to the amalgam Ux x K Uxxy X x f/y. The definition of the amalgam as a pushout 
yields a uniformly continuous bijection / : cX x YUxxyX x cF — > cX x yuJ x cY such 
that J" 1 is uniformly continuous on cX x Y and on X x cF. By the above, f~ l is also 
uniformly continuous on Ux xYUX x Uy. Since these three subsets of cX xYUX x cY 
form its uniform cover, f~ l is uniformly continuous. □ 

Theorem 3.19. Let V and W be normed vector spaces, and let X G V and Y C W be 
bounded subsets. Then the independent rectilinear join XY is uniformly homeomorphic 
to X*Y. 

Proof. By Lemma 3.15, XY is uniformly homeomorphic to the subspace cX x Y UX x cY 
of cX x cY. By Lemma 3.18, the latter is uniformly homeomorphic to the amalgam 
cX x Y UxxY X x cY. By Lemma 3.16 the latter is in turn uniformly homeomorphic to 
the amalgam CX x Y Uxxy X x CY. Finally, by Lemma 3.11, the latter is uniformly 
homeomorphic to X *Y. □ 

Corollary 3.20. Let V and W be normed vector spaces, X and Y metrizable uniform 
spaces, and f: X <^-> V and g: Y <^-> W embeddings onto bounded subsets. Then the 
uniform homeomorphism type of the independent rectilinear join f(X)g(Y) does not 
depend on the choices of V , W , f and g. 

Corollary 3.21. Given metrizable uniform spaces X and Y , there exists a uniform 
homeomorphism between C(X * Y) and CX x CY taking X * Y onto CX x Y U X x CY . 

Proof. Pick bounded metrics on X and Y. Then there exists an isometric embedding 
of X onto a bounded subset of the normed vector space U(dX,M), where dX denotes 
X endowed with discrete uniformity (see Remark 2.44(i)), and similarly for Y. (If X 
is separable, it uniformly embeds onto a bounded subset of a separable normed vector 
space, see Theorem 2.43 or Remark 2.44(ii).) Then Theorem 3.19 and Lemmas 3.16, 
3.15 yield uniform homeomorphisms C(X * Y) — > C(XY) c(XY) — > cX x cY — > 
CX x CY. □ 
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3.22. Mapping cylinder. The mapping cylinder MC(f) is the adjunction space X x 
I Uff Y, where /' is the partial map 

Lemma 3.23. Let f : X — > Y be a uniformly continuous map between metrizable uni- 
form spaces. 

(a) If A is a subspace of X, then MC(/|a) is a subspace of MC(f). 

(b) MC(f) is uniformly homeomorphic to the image ofTfXlUXxYx {1} under 
the map X xY x I -> CX xY. 

Proof, (a). Given bounded metrics dx on X and d on Y, define a new metric d on X 
by d(x,x') = dx(x,x') + d(f(x), f(x')). Clearly, d is bounded and uniformly equivalent 
to dx, and d(f(x),f(y)) < d(x,y) for all x,y G X. Using d we define the Zi product 
metric on X x I, which is bounded; and hence the metric of disjoint union, also denoted 
d, on X x I U Y. Then d{f'(p), f'{q)) < d{p,q) for all p, q G X x {1}, and thus 
from Theorem 3.8 we have the following d 3 metric on MC(f): d$([y], [y']) = d(y,y'), 
d 3 {[{x,t)],[y}) = {l-t) + d{f{x),y) and 

d 3 ([(x, t)], \{x', t')]) = min{d(x, x') + \t- t'\, (1 - t) + (1 - + d(f(x), f(x'))} 

for all y, y' G Y, x, x' G X and t, t' G I. Clearly, this coincides with the similar d 3 metric 
on MC(f\ A ). □ 

(b). The uniform homeomorphism between X and Ff yields a uniform homeomorphism 
between MC(f) and MC(7r|r / ), where 7r: X x y — )■ Y is the projection. On the other 
hand, by the proof of Lemma 3.11, CX x Y is uniformly homeomorphic to MC(n). 
Hence the assertion follows from (a). □ 

Corollary 3.24. If A is a finite diagram of metrizable uniform spaces and uniformly 
continuous maps, its homotopy colimit is a metrizable uniform space. 

4. Theory of retracts 
4. A. Absolute retracts and extensors 

4.1. Absolute retracts and extensors. As long as we have finite coproducts, as well 
as embeddings and quotient maps in a concrete category C over the category of sets, we 
also have in C the notions of map extension and neighborhood. A diagram X ^ A A Y, 
where / is a C-morphism and a is a C-embedding is called a partial C-morphism, and 

is said extend to a C-morphism / : X — > Y if the composition A <— > X A Y equals 
/. Given a C-embedding g: X ^ Y, its decomposition into a pair of C-embeddings 

X ■=->■ A^ ^> Y is a neighborhood of <? if there exists a C-embedding g': X' — > Y such that 
g U </ : X U X' — >• Y is a C-embedding and nUj': A^ U X' — > Y is a C-quotient map. 

An AE(C) is any C-object Y such that every partial C-morphism X <— > A A Y extends 
to a C-morphism X — > Y. If Y satisfies this for the special case of / = idy, then Y is 
called an AR(C). Absolute extensors are also known as "injective objects", cf. [50; p. 
39], [1; 9.1; see also 9.6] 
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An ANE(C) is any C-object Y such that for every partial C-morphism IpA^y 

i j 

there exists a C-neighborhood A ■=->■ N ■=->■ X of a such that the partial C-morphism 
JVpi^y extends to a C-morphism A r — >• Y. lfY satisfies the above for the special 
case of / = idy, then F is called an ANR(C). Note the obvious implications 

AE(C) => ANE(C) 
AR(C) ANR(C). 

4.2. A[N]Rs and A[N]Es for various subcategories of IA. Among full subcategories 
of the category IA of uniform spaces and uniformly continuous maps are the categories 
CM of compact metrizable spaces (topological, or equivalently, uniform); CIA of complete 
uniform spaces; MIA of metrizable uniform spaces; SIA of uniform spaces whose topology 
is separable; their pairwise intersections MCIA, SMIA, SCIA; and the category SMCU = 
SIA fl MIA fl CIA of Polish uniform spaces. 

The A[N]R(OM) coincide with the A[N]E(OM) (see [44; III.3.2(k)]); and also with 
A[N]Rs in the notation of Borsuk [15], which are the same as compact A[N]Rs in the 
notation of Hu [11] (see [15; V.1.2] or [44; III.5.3]). 

By definition, the A[N]E(W) are the same as the A[N]EU of §2.D. Following Isbell 
[48], [49], we also abbreviate A[N]R(W) to A[N]RU. Using Remark 2.44(f), it is easy to 
see that these are in fact the same as the A[N]EU, cf. [48; p. Ill], [50; V.14]. We further 
note that restricting the class of W-embeddings to all extremal/regular monomorphisms 
of IA, that is, embeddings onto closed subsets (in the spirit of the non-uniform A[N]R 
theory [15], [44]) does not affect the definitions of an A[N]RU and A[N]EU (see [50; III.8], 
[48; proof of 1.7]). Every A[N]RU is an A[N]R(.M), and more generally an A[N]R for 
the category of collect ionwise normal spaces [49; 4.4]. 

Every A[N]RU is an A[N]R(CW) since it is complete. Conversely, every A[N]R(CW) 
is an A[N]RU by considering the completion of the domain (see [50; 11.10]). Similar 
(and simpler) arguments show that the A[N]R(MCIA) coincide with the A[N]R(.MW); 
the A[N}R{SMCIA) coincide with the A[N}R(SMU); etc. 

It is known that the following properties are equivalent: being an A[N]R(.MW); being 
an A[N]E(A4W); being a metrizable A[N]RU (see [48; p. 111]). 

Lemma 4.3. (a) The following properties are equivalent: being an A[N]R(SMCIA); 
being an A[N]E(SMCIA); being a Polish A[NJRU. 

(b) The following properties are equivalent: being an A[N]R(CM); being a compact 
metrizable A[N]RU. 

Proof, (a). The implications 

Polish A[N]EU A[N}E(SMCIA) 

Polish A[N]RU A[N]R(SMCU) 
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are obvious. Thus it suffices to show that if Y is an A[N]K(SAiCU), then it is an 
A[N]EU. By the hypothesis Y is a Polish uniform space. Then by Aharoni's Theorem 
2.43 it uniformly embeds onto a closed subset of go- By Corollary 2.33, go is an AEU. 
Hence /: A — > Y C go extends to a uniformly continuous map /: X — > g . Then / 
composed with a uniformly continuous retraction of [a uniform neighborhood of Y in] 
go onto Y is the required extension. □ 

(b). Obviously, a product of AEU's is an AEU; in particular, the Hilbert cube I°° is 
an AEU. On the other hand, it is well-known that every compactum embeds in 
Hence every A[N]R(£M) is a [neighborhood] retract of I°°, and therefore (similarly to 
the proof of (a)) it is an A[N]EU. □ 

Remark 4.4. The implication A[N}R(SMCU)^A[N]E(SMCU) in (a) could be alterna- 
tively proved using an embedding into the nonseparable space U(dY,I), where dY is 
the discrete uniform space of the cardinality of Y (see Remark 2.44(i)). The full asser- 
tion of (a) could be alternatively proved using the Banach-Mazur Theorem (see Remark 
2.44(h). 

Remark 4-5. Let us mention some results on ARUs and ANRUs arising from Banach 
(=complete normed vector) spaces and Frechet (=complete metrizable locally convex 
vector) spaces. These will not be used in the sequel. 

(a) If a Banach space V is an ANRU, then every (bounded) closed convex body B in 
V is an ANRU (ARU), cf. [49; comments preceding 3.1]. 

Indeed, by translating we may assume without loss of generality that is an interior 
point of B. Then the Minkowski functional \\v\\b = inf{r > | v/r G B} yields a 
uniformly continuous retraction v 1— > vj max{l, \\v (Note that if B is the unit ball, 
\\v\\b = I Ml-) Hence B is an ANRU. 

If in addition B is bounded, then v \- > (1 — t)v, t G [0, 1], is a uniformly continuous 
null-homotopy of B in itself. So B is a uniformly contractible ANRU, hence an ARU 
[48; 1.11] (see also a somewhat different proof in Theorem 4.27 below). In fact, v t— > Tuil~ v 
is a uniform homeomorphism of B onto the unit ball. 

(b) Injective objects in the category of Banach spaces are ANRUs [19; second assertion 
of 3.1]. The space Loo(/x) for every measure /i, in particular, the space of bounded 
real sequences, is injective as a Banach space [13; beginning of §1.5], and hence is an 
ANRU. In particular, its unit ball is an ARU by (a). 

On the other hand, Cq is not injective as a Banach space, for it is not a bounded linear 
retract of (R. S. Philips, 1940; see [58; proof of I.2.f.3]). However, c is injective as a 
separable Banach space (see [58; I.2.f.4]) and is a uniform retract of [13; Example 1.5], 
[57; Theorem 6(a)]. Hence it is an ANRU, and its unit ball Q = U((N + , 00), ([-1, 1], 0)) 
is an ARU. Note that (xi, x 2 , ■ ■ ■ ) H- (|xi|, |x 2 |, . . . ) is a uniformly continuous retraction 
of Q onto g . 

(c) A Banach space V is an ANRU if it has uniformly normal structure [13; 1.26], that 
is, if there exists a 7 < 1 such that every convex subset of E of diameter 1 is contained 
in a ball of radius 7. The Banach spaces L p (fi) with 1 < p < 00 and every measure /1, 
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including the sequence spaces l p with 1 < p < oo, have uniformly normal structure (see 
[13; A. 9] and [58; Il.l.f.l, "in addition" part]). In particular, they are ANRUs, though 
this has more direct proofs [57; Theorem 8] (correcting a mistake in [49; 3.1, proof of 
(c)]), [13; 1.29]. In particular, the unit balls of these spaces are ARUs by (a). 

The unit ball of Li(fjj) for every measure /i is uniformly homeomorphic to those of 
L p (fi) for 1 < p < oo (see [13; Remark to 1.29]), hence is also an ARU. In particular, 
the unit ball of l\ is an ARU; in fact, according to [50; Remarks after the proof of 
3.2], l\ itself is an ANRU. A necessary condition for a Banach space V to have unit 
ball uniformly homeomorphic to that of an L p (fi), 1 < p < oo, is that (i.e. the 
n-dimensional vector space with the Zoo-norm) do not uniformly embed in V for each 
n [13; 9.21]. This condition is not sufficient [13; 9.23], but can be made sufficient by 
further hypotheses [13; 9.4, 9.7]. 

(d) Given a normed vector space V identified with a subspace of the countably di- 
mensional vector space K. and given normed vector spaces V%, V%, ■ ■ ■ , let us write 
y Vi for the normed vector space f~ l (V), \\x\\ = \\f(x)\\y, where f(x±, X2, ■ ■ ■ ) = 
(H^illvn I l^l I v 2 5 • • • )• Each Vi is isomorphic to a subspace of c (see [57; (5.2)]). 

The Banach space (l^ © l 2 p © . . . ) Co , where 1 < p < 00 and 1™ is the n-dimensional 
vector space with the Z p -norm, is an ANRU [57; proof of Theorem 13]. 

On the other hand, none of the following Banach spaces, nor even their unit balls, 
is an ANRU: (l pi © l P2 © . . . ) co and (l pi © l P2 © . . . ) lp , as well as (Z™ 1 © Z™ 2 2 © . . . ) co and 
(Zp* © l p l © . . . )i p , where 1 < pk < 00 for each k and p^ — > 00 as k — > 00; in addition 
1 < p < 00 and (log rife) jp^ — > 00 as k — > 00 [ ; Corollary 1 of Theorem 10 and 
subsequent Remark 2] (see also [13; Example 1.30]). 

(e) If V is a Banach space, the space H c b(V) of all closed bounded nonempty convex 
subsets of V with the Hausdorff metric is an ARU [49; 3.2]. 

(f) If B is the unit ball of a Banach space, and A is a residually finite- dimensional 
uniform space, then every uniformly continuous partial map X D A — >■ Y extends to a 
uniformly continuous map X — > Y [89]. 

(g) Frechet spaces are characterized as limits of inverse sequences of Banach spaces (in 
the category of topological vector spaces), see [14; Proposition 1.6.4]. If a Frechet space 
V is an ANRU, then every closed (bounded) convex body in V is an ANRU (ARU). 

Indeed, if V is the limit of an inverse sequence . . . — V\ Vq of Banach spaces Vi and 
continuous linear maps, then each f°° : V — > Vi is continuous, so its kernel Ki is closed. 
Without loss of generality is an interior point of B. Then Bi := B + is a closed 
convex body in V that is absorbing (i.e. for every v 6 V there exists an r such that 
v/r G Bi), and then similarly to (a), Bi is a uniform retract of V, and in particular of 
Bi_\. Since B is the inverse limit of the Bi, it follows (see the proof of Theorem 5.18 
below) that B is a uniform retract of Bm tOQ ], and therefore (see the proof of Theorem 
4.21 below) also of V. The remainder of the proof is similar to that in (a). 

(h) If V is an injective object in the category of Frechet spaces, then every closed 
bounded convex body B in V is an ARU. Indeed, V is injective as a locally convex space 
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(see [26; Lemma 0]), and B is a uniform retract of V by the argument in (g). Now the 
assertion follows from [66; Theorem 1.6]. 

Injective Frechet spaces include injective Banach spaces (see [26; Lemma 0]) and hence 
their countable products, and these appear to be all known examples (see [22] and [25]). 

4.B. Uniform ANRs 

Isbell's proof that ANRUs are complete uses non-metrizable test spaces such as the 
ordinal uj\ in the order topology in an essential way, even when the given ANRU is 
itself metrizable. Relevance of this argument for the purposes of geometric topology 
is questionable; one would not be comfortable using this construction as a basis for 
geometrically substantial results. An alternative, more transparent approach (implicit in 
the papers of Garg [35] and Nhu [66], [67]; see also [91]) results from replacing embeddings 
with extremal (or regular) epimorphisms (i.e. embeddings onto closed subsets) in the 
definitions of A[N]R(MU) and A[N]E(M). 

Thus by a uniform A[N]E we mean a metrizable uniform space Y such that given a 
closed subset A of a metrizable uniform space X, every uniformly continuous /: A — > Y 
extends to a uniformly continuous map defined on [a uniform neighborhood of A in] X. 
Similarly, by a uniform A[N]R we mean a metrizable uniform space Y such that for 
every uniform embedding i of 7 onto a closed subspace of a metrizable uniform space 
Z there exists a uniformly continuous retraction of [a uniform neighborhood of Y in] 
Z onto i(Y). Obviously uniform A[N]Rs include all metrizable A[N]RUs and no other 
complete spaces. 

Proposition 4.6 (Garg [35]). A metrizable uniform space Y is a uniform A[N]R if and 
only if it is a uniform A[N]E. 

Proof. This follows from Theorem 3.8 by the usual adjunction space argument (see 
[44; §111.3]). □ 

Remark 4-7. (i) The above proof is much easier than the original one in [35]; a proof 
that is arguably still easier (as it does not use metrizability of the adjunction space) is 
presented in [91; Appendix] modelled on an argument in [66]. 

(ii) Proposition 4.6 holds, with the same proof, if "metrizable" is replaced by "sepa- 
rable metrizable" throughout, including the definitions of uniform A[N]R and A[N]E. 

4.8. Homotopy completeness. We say that a uniform space X is homotopy complete 
if there exists a uniform homotopy H : X x I — > X, where X is the completion of X, 
such that H(x,0) = x and H(X x (0, 1]) C X. Note that if X is homotopy complete, 
then it is uniformly e- homotopy equivalent to its completion, for each e > 0. 

Remark 4-9. A subspace A of a separable metrizable topological space Y such that there 
exists a homotopy hf : Y — > Y satisfying h = id and h t (Y) fl A = for t > is called a 
'Z-set' by some authors including S. Ferry [31] and a 'homotopy negligible set' by some 
authors including T. Banakh (see [7]). It is well-known that under this assumption, 
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Y is an ANR if and only if Y \ A is an ANR (cf. [31; l.l(iv)], [7; Proposition 1.2.1, 
Exercise 1.2.16]). Beware that Z-sets in a more usual sense (of Toruriczyk) are something 
else in general [7; Exercise 1.2.11] but the same in ANRs [7; Theorem 1.4.4, Exercise 
1.2.10(a)-£4>(c)]; homotopy negligible sets in a more usual sense (of Eels and Kuiper) omit 
the control (see [7; Exercises 1.2.10(a)«=>(b) and 1.2.12(a)«=>(d)]). 

Theorem 4.10. Suppose that X is a metrizable uniform space. Then X is a uniform 
A[N]R if and only if it is homotopy complete and its completion is an A[N]RU. 

A few month after having written up the proof of Theorem 4.10, the author learned 
that its analogue for semi-uniform ANRs (see Remark 4.30(b)) had been known [79]. 

Proof. For the "if" direction, we consider the case of ARUs; the case of ANRUs is similar. 
Let Y be a metrizable uniform space and A a closed subset of Y. Then D : Y —y I 
defined by D(y) = mm{d(y, A), 1} satisfies -D -1 (0) = A. Given a uniformly continuous 
/ : A — y X , the hypothesis yields a uniformly continuous extension / : Y — y X. Let F be 

the composition Y ^flxJ ^X. Then F\& = /, and F{Y\A) cF(Xx(0,l]) C X. 
Thus F is a uniformly continuous extension of / with values in X. 

Conversely, suppose X is a uniform A[N]R. Let Z t denote the subspace X x {0} U 
X x (0, i] of I x [0, 1]. Then X x {0} is a closed subset of Z\. Since X is a uniform 
ANR, idx extends to a uniformly continuous map Z e — y X for some e > 0. The latter 
has a unique extension over the completions, which yields the required homotopy. 

It remains to show that X is an A[N]RU, or equivalently an A[N]RU(.A4W); here we 
consider only the case of ARUs, the case of ANRUs being similar. Let Y be a metrizable 
uniform space and A a subset of Y. Given a uniformly continuous /: A — y X, we 
uniquely extend it to a uniformly continuous / : A — y X. Recall that the homotopy H 

has been constructed; consider the composition F : A x I X x I ^ X. Then 

F sends A x (0,1] into X, and so i 7 *] ax(o,i] extends to a uniformly continuous map 
F: Y x (0, 1] — y X. If a point (a,t) of A x I is close to a point (y, s) of Y x (0, 1], then 
they are both close to the point (a, s) of the intersection (by considering the metric 
on the product); thus F U F: A x / U Y x (0, 1] — y X is uniformly continuous. Define 
D : Y — y I by D(y) = min{d(y, A), 1}; since A is closed in Y, we have i5^ 1 (0) = A. 
Then the composition of the graph T^,: Y — y A x {0} U Y x (0, 1] with F U F provides 
the required extension of /. □ 

Corollary 4.11. (a) [35; Example 2], [66; Remark 2.8] The half-open interval (0, 1] and 
the open interval (0, 1) are uniform ARs. 
(b) [-1, 0) U (0, 1] is not a uniform ANR. 

Corollary 4.12. A separable metrizable uniform space is a uniform A[N]R if and only 
if it is a [neighborhood] retract of every separable metrizable uniform space containing it 
as a closed subset. 

This follows from Lemma 4.3(a) and the proof of Theorem 4.10, which also works in 
the separable case. 
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4.13. Uniform local contractibility. We call a metric space X uniformly locally 
contractible if for each e > there exists a 5 > such that for every uniform space Y, 
every two 5-close uniformly continuous maps f,g:Y—>X are uniformly e-homotopic 
(that is, are joined by a uniformly continuous homotopy Y X / — > X that is e-close to 

the composition Y x I pi °^ cctl ° n > Y A X). Obviously uniform local contractibility does 
not depend on the choice of the metric on X in its uniform equivalence class. 

Remark 4-14- If X is uniformly locally contractible, then for each e > there exists a 
5 > such that 5-balls in X contract within their concentric e-balls, by a uniformly 
equicontinuous family of null-homotopies (see [49; 4.2]). 

Remark 4-15. If X is uniformly locally contractible, then for each e > there exists a 5 > 
such that for each n and every uniform space Y, every (n — l)-sphere F: Y x S*"" 1 — > X 
of maps Y — > X that are within 5 of each other bounds an n-ball F: Y x B n — > X of 
maps Y — > X that are within e of each other. Indeed, the definition of uniform local 
contractibility yields an e-homotopy ht between F and the composition of the projection 
Y x dl n — > Y and F\ Y x P t '■ Y — > X; then F can be defined by F(y, [(r, </?)]) = hi- r (y, ip), 
where [(r, <p)\ is the image of (r, ip) G [0, 1] x .S"" 1 in B n = [0, 1] x 1 S n ~ 1 /({0} x S n ). 

Lemma 4.16. Let X be a (separable; compact) metric space. Then X is uniformly 
locally contractible if either 

(a) X is a uniform ANR, or 

(b) for each (separable; compact) metrizable uniform space Y and every e > there 
exists a 5 > such that every two 5-close uniformly continuous maps f,g: Y — > X are 
uniformly e-homotopic. 

We note that the hypothesis of (b) is a weakening of the condition of uniform local 
contractibility, with restrictions imposed on Y and with 5 allowed to depend on Y. It 
follows from (b) that X is uniformly locally contractible if and only if it is LCU in the 
sense of Isbell (whose 5 is allowed to depend on Y) [49]. That ANRUs are LCUs was 
known to Isbell [49; 4.2]; his proof of this fact is rather different (via functional spaces). 

Proof. Let Ui be the i-neighborhood of the diagonal in X x X in the Zoo product metric 
on X x X, and let fi,gi'. Ui C X x X — > X be the two projections. We shall show that, 
under the hypothesis of either (a) or (b), for each s > there exists an i such that /, 
and gi are uniformly e-homotopic. 

(a) Let Y n = LL>„ U t x [0, f], and let A n = \Ji> n Ui x {0, f }. Define /: A x -> X via 
fi on Ui x {0} and via g^ on U x {i}. Since X is a uniform ANR, / has a uniformly 
continuous extension / over a uniform neighborhood U of A\ in Y\. This U contains the 
—neighborhood of A for some n, in the product metric on Y C X x X x N x [0,1], 
which in turn contains Y n . Moreover, for each e > there exists anm>n such that / 
takes ^-close points into e-close points. Then / restricted to U m x [0, — ] is a uniform 
e-homotopy between f m and g m . 

(b) Consider F = |J ieN ft and G n := |_|; 6[n ] /* U UeN\[n] 9i botn mapping Y :=[\Ui 
into X. Note that d(F,G n ) — > as n — > oo. Then by the hypothesis of (b), for each 
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e > there exists an n such that F and G n are uniformly e-homotopic. Then also f n+ \ 
and g n +\ are uniformly £-homotopic. 

We have thus shown, in both (a) and (b), that for each e > there exists a uniform 
e-homotopy h t : Ui — >■ X between and for some i. Now given 4-close maps /, g : F — > 

X, the image of/xg:F->JxJ lies in Then the composite homotopy Y —— % 
U n X is a uniform e-homotopy between / and g. □ 

Remark J^.17. Let us call a metric space X uniformly locally equiconnected if for each 
e > there exists a 5 > such that for every uniform space Y, and a subset A of 
Y, every two 5-close uniformly continuous maps f,g:Y — > X that agree on A are 
uniformly e-homotopic keeping A fixed. Then Lemma 4.16 has a relative version: (a) 
uniform ANRs are uniformly locally equiconnected; (b) in the definition of uniform local 
equiconnectedness, Y may be assumed to be metrizable and A to be closed; and if X is 
separable (compact), Y may be additionally assumed to be separable (compact). The 
proof is similar, and shows that, under the hypothesis of either (a) or (b), the uniform 
e-homotopy between and gi can be chosen so as to keep the diagonal Ax C Ui fixed. 

Uniformly locally equiconnected compacta coincide with locally equiconnected com- 
pacta [28; Theorem 2.5]. Whether locally equiconnected compacta are ANRs is a long 
standing open problem going back to Fox [32]. Its special case is the so-called "compact 
AR problem" of whether a compact convex subset of a metrizable topological vector 
space is an AR. 

Uniformly locally contractible compacta were considered in [69]. 

4.18. Hahn property. Following Isbell [49], we say that a metric space satisfies the 
Hahn property if for each e > there exists a 5 > such that for every uniform space 
Y and every (^-continuous map H : Y — > X (that is, a possibly discontinuous map such 
that there exists a uniform cover C of Y such that H sends every element of C into a 
set of diameter at most 5), there exists a uniformly continuous map /: Y — > X that is 
e-close to S. Obviously the satisfaction of the Hahn property does not depend on the 
choice of the metric on X in its uniform equivalence class. 

Lemma 4.19. Let X be a (separable; compact) metric space. Then X satisfies the Hahn 
property if either 

(a) X is a uniform ANR, or 

(b) for each (separable; compact) metrizable uniform space Y and every e > there 
exists a 5 > such that every 5-continuous map Y — >■ X is e-close to a uniformly 
continuous map Y — > X . 

We note that the hypothesis of (b) is a weakening of the Hahn condition, with restric- 
tions imposed on Y and with 5 allowed to depend on Y. That ANRUs satisfy the Hahn 
property was shown by Isbell [49; 4.2]; this along with Theorem 4.10 implies (a). 

Proof of (b). Let F be a (separable; compact) metric ARU containing X (see Theorem 
2.43 and Remark 2.44). Let Ui be the ^-neighborhood of X in F, and let U = UU. 
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Pick a ^-continuous retraction Ui — > X (cf. the proof of Theorem 4.21), and define 
S„ : U — y X via & on each Ui for i >n, and by a constant map on C/i U • • ■ U f/ n _i. Thus 
S„ is ^--continuous. By the hypothesis, for each e > there exists an n > ^ such that 
S„ is |-close to a uniformly continuous map C — > X. Then £ n is |-close to a uniformly 
continuous map r n : U n ^ X. 

By (a), F satisfies the Hahn property. So for each n there exists a 5 > such that 
every 5-continuous map S: V — > X C -F is ^-close to a uniformly continuous map 

f:Y—±U n cF. Then S is e-close to the composition Y — > U n — > X. □ 

Theorem 4.20. The following are equivalent for a compactum X: 

(i) X satisfies the Hahn property; 

(ii) for each e > there exists a compact polyhedron P and continuous maps X 
P A X whose composition is e-close to idx; 

(Hi) for each e > there exists a compactum Y satisfying the Hahn property and 

continuous maps whose composition is e-close to idx- 

This means that compacta satisfying the Hahn property coincide with the "approxi- 
mate ANRs" of Noguchi and Clapp [23], which are also known as "NE-sets" after Borsuk 
[16] and as compacta that are "approximate polyhedra" in the sense of Mardesic [59]. 

We shall generalize Corollary 4.20 to all separable metrizable uniform spaces in the 
sequel to this paper which deals with uniform polyhedra. 

Proof, (i) implies (ii) using that X is the inverse limit of an inverse sequence of com- 
pact polyhedra (see also Lemma A. 12(a) below). Since compact polyhedra are ANRs, 
hence uniform ANRs, and in particular satisfy the Hahn property, (ii) implies (iii). The 
implication (iii)=^(i) is an easy exercise. □ 

Theorem 4.21. Let X be a metrizable uniform space. Then X is a uniform ANR if 
and only if X is uniformly locally contractible and satisfies the Hahn property. 

This improves on the metrizable case of Isbell's characterization of ANRUs [49; 4.3], 
which additionally involved the homotopy extension property (see Lemma 4.26 below). 

A few months after having written up the proof of Theorem 4.21, the author discovered 
that a rather similar characterization of non-uniform ANRs is stated without proof in 
[2; Theorem 3.7] (some relevant ideas can be found also in Theorems 3.2 and 4.8 in [2]). 

Proof. If A is a uniform ANR, it is uniformly locally contractible by Lemma 4.16(a) and 
satisfies the Hahn property by Lemma 4.19(a). 

Conversely, suppose Y is a metric space, A is a closed subset of Y, and f:A—>X 
is a uniformly continuous map. Fix some metric on X. Let 7$ = <5lci/(2~") be given 
by the uniform local contractibility of X with e = 2~ n ; let = o~Hahn(li) be given by 
the Hahn property of X with e = 7^ and let = 5/(/3j) be such that / sends 3ojj-close 
points into /3j-close points. We may assume that ojj+i < «j, 7^+1 < 7« and < 7^ for 
each %. Let Ui be the aj-neighborhood of A in Y; thus A = f]U{. 
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Define 5$: U{ — > X by sending every x G U{ into f(x' i ), where !■ 6 i is aj-close to 
x. (When Y is separable, it is easy to find such an x\ using only the countable axiom 
of choice.) Then Hj sends aj-close points x, y into ^-close points /(x-), f(y'i) (using 
that x\ is 3aj-close to y^). By the Hahn property, there exists a uniformly continuous 
map fi \ X such that is 7j-close to Ef, in particular, f^A is 7j-close to /. Given 

an x G Ui + i, it is aj-close to both x\ and x' i+1 , which are therefore 2ojj-close to each 
other. Hence Sj(x) = f(x[) is /3j-close to f(x' i+1 ) = E i+1 (x). Thus is 37j-close 

to fi+i. Then by the uniform local contractibility, fi\u i+1 is uniformly 2 _l -homotopic to 
/i-l-i- These homotopies combine into a uniformly continuous map if on the extended 
mapping telescope E/[i )0 o] := A U IJieN^ x [2 _l_1 ,2 _l ] C C/i x [0,1] of the inclusions 
• • • C U2 C C/i, which restricts to the identity on A. 

Pick a uniformly continuous function </?: C/i — >■ [0,1] such that </9~ 1 (0) = A and 
</? _1 ([0, 2~ 1 ]) C Ui. For instance, </?(x) = ad(x, A) works, where a: [0, «i] — > [0,1] is 
a monotonous homeomorphism such that a _1 (2~ l ) < a,i for each i. Then id xip: U\ — > 
U\ x [0, 1] embeds U\ into C/[i )00 ] and restricts to the identity on A. Hence the composition 

t/i > ^[1,00] — )• X is a uniformly continuous extension of /. □ 

As a consequence we get the following uniform analogues of Hanner's two characteri- 
zations of ANRs ([37; Theorems 7.1 and 7.2], [44; Theorems IV.5.3 and IV. 6. 3]). 

Corollary 4.22. (a) A metric space is a uniform ANR if it is uniformly e-dominated 
by a uniform ANR for each e > 0. 

(b) Suppose that a metric space X is uniformly embedded in a uniform ANR Z . Then 
X is a uniform ANR if and only if for each e > there exists a uniformly continuous map 
(f of a uniform neighborhood of X in Z into X such that tp\x is uniformly e-homotopic 
to idx with values in X . 

Proof, (b). The "only if" assertion follows using that X x {0} is closed in X x {0} U 
Z x (0, 1] (compare with Theorem 4.10). 

To prove the "if" assertion, fix an e > and let 5 be such that that the uniform 
neighborhood U provided by the hypothesis contains the (^-neighborhood of X in Z, and 
the map (p provided by the hypothesis is (5, e)- continuous. 

By Lemma 4.16(a), there exists a 7 > such that for every uniform space Y, every 
two 7-close uniformly continuous maps f,g:Y—>X are uniformly 5-homotopic with 
values in Z. Then the homotopy actually has values in U, and therefore iff and ipg are 
uniformly e-homotopic with values in X. On the other hand, by the hypothesis they are 
uniformly e-homotopic to / and g, respectively, with values in X. Thus X is uniformly 
locally contractible. 

By Lemma 4.19(a), there exists a f3 > such that for every uniform space Y, every 
/3-continuous map S: Y — > X is 5-close to a uniformly continuous map h: Y — > Z. Then 
h actually has values in U, and then iph: Y — > X is e-close to ipE. By the hypothesis, 
the latter is in turn e-close to H. Thus X satisfies the Hahn property. 

So we infer from Theorem 4.21 that X is a uniform ANR. □ 
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(a). Let X be the given space. We may assume that it is embedded in a uniform ANR 
(for instance, in some ARU) Z. Given an e > 0, the hypothesis provides a uniform 
ANR Y that uniformly e-dominates X. Thus we are given uniformly continuous maps 
u: X — )■ Y and d: Y — > X such that the composition X A Y A- X is uniformly e- 
homotopic to the identity Let S be such that d is (5, e)-continuous. Since Y is a uniform 
ANR, and X x {0} is closed in X x {0} U Z x (0,1], w is uniformly 5-homotopic to the 
restriction of a uniformly continuous map u : U — > Y for some uniform neighborhood U of 
X in Z. Then du is uniformly £-homotopic to du\x- On the other hand, du is uniformly 
e-homotopic to the identity. So we infer from (b) that A is a uniform ANR. □ 

Another consequence of Theorem 4.21 is the following 

Theorem 4.23. A finite dimensional metrizable uniform space is a uniform ANR if 
and only if it is uniformly locally contractible. 

Proof. Let A be a uniformly locally contractible n-dimensional space. Then its comple- 
tion X is still n-dimensional (see Lemma 2.39). By [50; Theorem V.34], X is the limit of 
an inverse sequence of n-dimensional uniform polyhedra Pj. Since X is uniformly locally 
contractible, every collection of small spheroids S —> X bounds a uniformly equicon- 
tinuous family of small singular disks D k+l — > X. Using this, it is easy to construct 
maps r,j : Pj — > X by induction on skeleta, so that for each e > there is an i such 

that the composition X C X — ^ Pj is e-close to the identity. By [18; 1.9], each Pj 
is a uniform ANR and so (see Lemma 4.19(a)) satisfies the Hahn property. Since each 
p°° : X — > Pi is uniformly continuous, we infer that X also satisfies the Hahn property. 
By Theorem 4.21, X is a uniform ANR. □ 

Remark Borsuk's example of a locally contractible compactum that is not an 

ANR (see [15]) shows that uniform local contractibility of a residually finite dimen- 
sional metrizable uniform space X does not follow from uniform local connectedness of 
each of the functional spaces F n = U(S n x N, A). By the proof of Theorem 4.23, it does 
follow when X is finite-dimensional. 

Remark 4.25. By the proof of Theorem 4.23 (see also §5), if A is a uniformly locally 
contractible metrizable uniform space, then for every finite-dimensional uniform space Y, 
every uniformly continuous partial map Y D A — > X extends to a uniformly continuous 
map Y — > X. 

The following uniform Borsuk homotopy extension lemma is proved in a straightfor- 
ward way, similarly to [48; 1.10], [ 0; VI. 17] (see also [15; IV.8.1] for the non-uniform 
version) . 

Lemma 4.26. Suppose that Y is a uniform ANR, X is a metrizable uniform space and 
A is a closed subset of X. If a homotopy h: A x I — > Y extends over X x {0}, then it 
extends over X x I. 

Theorem 4.27. A metrizable uniform space is a uniform AR if and only if it is a 
uniform ANR and is uniformly contractible. 
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This is parallel to [48; 1.11], apart from using the metrizability of the cone. 

Proof. If Y is a uniform AR, by definition it is a uniform ANR. The cone CY is 
metrizable, so idy extends to a uniformly continuous map CY — > Y; the composition 
Y x I — > CY — > Y is then a uniform null-homotopy of idy. 

Conversely, let A be a closed subset of a metrizable uniform space X. If Y is uniformly 
contractible, every uniformly continuous map / : A — >■ Y is nomotopic to a constant map, 
which extends over X. If additionally Y is a uniform ANR, then by Lemma 4.26 the 
homotopy extends over X x J; in particular, / extends over X. □ 

Lemma 4.28. Let X be a metrizable uniform space and A a closed subset of X . 

(a) Suppose that A is a uniform ANR. Then A is a uniform deformation retract of X 
if and only if the inclusion A >■ X is a uniform homotopy equivalence. 

(b) Suppose that X is a uniform ANR. Then A is a uniform deformation retract of 
X if and only if A is a uniform strong deformation retract of X . 

This is proved by usual arguments [82; 1.4.10 and 1.4.11] making use of the uniform 
Borsuk lemma (Lemma 4.26). 

Lemma 4.29. If f ' : X — >■ Y is a uniform homotopy equivalence of uniform ANRs, then 
f is a pointed uniform homotopy equivalence of (X, x) and (Y, f(x)) for each x £ X. 

This is proved by usual arguments (see e.g. [74; Lecture 4, Propoposition 1]) making 
use of the uniform Borsuk lemma (Lemma 4.26). 

Remark 4-30. Several variations of the notion of a uniform A[N]R exist in the literature. 

(a) Nhu [66], [67] uses closed isometric, rather than uniform, embeddings to define 
what may be termed metric uniform A[N]Rs. For bounded metrics the distinction is 
vacuous by Lemma 3.4, but in general it is not: the real line with its usual metric is 
a metric uniform AR; whereas every uniform AR is uniformly contractible by Theorem 
4.27 and therefore is R-bounded (cf. §2.49). Nevertheless, metric uniform ARs of finite 
diameter are precisely uniform ARs with a choice of a metric [66]; and (arbitrary) metric 
uniform ANRs are precisely uniform ANRs with a choice of a metric [91; Appendix]. 

(b) Michael calls a map / : X — y Y of metric spaces uniformly continuous at a closed 
subset A C X if for each e > there exists a 5 > such / is (5, e)-continuous on the 
^-neighborhood of A [63]. Michael [63] and Torunczyk [86] (see also [67; p. 193]) use 
continuous retractions of uniform neighborhoods that are uniformly continuous at their 
target to define what may be termed semi-uniform A[N]Rs. These lie between usual 
(metrizable) A[N]Rs and our uniform A[N]Rs; in fact every A[N]R is the underlying 
space of a semi-uniform A[N]R [63], [86]. Sakai established the analogue of Theorem 
4.10 for semi- uniform ANRs [79]. 

(c) Lipschitz, and 1-Lipschitz ANRs and ARs have been studied. According to [52; 
p. 65], 1-dimensional topologically complete ARs are metrizable as 1-Lipschitz ARs 
(see [72] for a proof in the compact case). On the other hand, Isbell showed that 2- 
dimensional non-collapsible compact polyhedra are not metrizable as 1-Lipschitz ARs 
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[52]. It appears to be unknown whether every ANR is homeomorphic to a Lipschitz 
ANR (cf. [43]). However, Hohti showed that every LC n compactum can be remetrized 
so as to be Lipschitz n-LC for all n > [43]. 

Remark 4-31. We mention some facts relating to semi-uniform ANRs. 

(a) Similarly to the proof of Theorem 4.21, a metrizable uniform space is a semi- 
uniform ANR if and only if it is semi-uniformly locally contractible and satisfies the 
weak Hahn property. We call a metric space M semi-uniformly locally contractible if 
for each e > there exists a 5 > such that every two 5-close continuous maps of a 
metrizable topological space into M are e-homotopic. (That semi-uniform ANRs satisfy 
this property but not conversely was observed by Michael [63].) We say that M satisfies 
the weak Hahn property if for each e > there exists a 5 > such that for every 7 > 0, 
every (7, 5)-continuous map / of a metric space N into M is e-close to a continuous 
map. (Note that the metric on N is irrelevant, and the hypothesis on / is equivalent 
to saying that for every convergent sequence (x n ) in N, the set of limit points of the 
sequence (f(x n )) has diameter < 5.) 

(b) Similarly to the proof of Theorem 4.23, the following are equivalent for a finite 
dimensional metrizable uniform space X: (i) A is a semi-uniform ANR; (ii) X is semi- 
uniformly locally contractible; (iii) for each e > there exists a 5 > such that every 
continuous map S n — > X with image of diameter < 5 bounds a continuous map B n+1 — > 
X with image of diameter < e. 

4.C. Homotopy limits and colimits of uniform ANRs 

Theorem 4.32. Let X , Y and A be uniform A[N]Rs, where A is a closed subset of X . 
If f : A — >■ Y is a uniformly continuous map, then the adjunction space X U/ Y is a 
uniform A[N]R. 

This is a uniform analog of J. H. C. Whitehead's theorem (see [15; Theorem V.9.1]). 
Our proof is a modification of Hanner's proof of Whitehead's theorem [37; Theorem 8.2], 
[44; Theorem VI.1.2]. 

Lemma 4.33. Assume the hypothesis of Theorem 4- 32 and fix a metric on X U/ Y . 
Then for each e > there exists a uniform e-homotopy H t : X UfY — > X Uf Y keeping 
Y fixed and such that Hq is the identity, and Hi retracts a uniform neighborhood of Y 
in X U f Y onto Y. 

Moreover, H t lifts to a uniform homotopy h t : X — > X keeping A fixed and such that 
Hq is the identity and hi retracts a uniform neighborhood of A in X onto A. 

Proof. Since A is a uniform ANR, there is a uniform retraction r of a uniform neighbor- 
hood U of A in X onto A. The projection X x {0} U A x / — > X combines with r into 
a uniformly continuous map R : X x {0} U A X I U U x {1} — > X. Since X is a uniform 
ANR, the latter extends to a uniformly continuous map Eona uniform neighborhood 
W of X x {0} U A X IU U x {1} in X x I. This W contains the region $ below the graph 
of a function ip: (X, V) — > ([5, 1], {1}), where V is a uniform neighborhood of A in U 
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and 5 > 0. Then ht' X — y X, denned by h t (x) = R(x,tip(x)), is a uniform homotopy, 
keeping A fixed, between idx and an extension f of r over X. Since $ may be assumed 
to be contained in any uniform neighborhood of X x {0} U A x I given in advance, h t 
may be assumed to be an e-homotopy. 

Consider the self-homotopy H t of X Uf Y defined by H t (y) = y for each y £ Y and 
all t £ / and by H t ([x}) = [h t (x)} for x £ X and all t £ I. It is well-defined since h t fixes 
A. To prove that H t is uniform, we consider the d% metric as in Theorem 3.8. Given 
x, x' £ X, we have c^Qx], [x 1 ]) = mm{d(x, x'), inf a a / g A a) + d(f(a), f(a')) + d(a', x')}. 
Hence if is a-close to then \t — 1'\ < a, and either d(x,x') < a, or there 

exist a, a' £ A with d(x,a) < a, d(x',a') < a and d(f (a) , f (a')) < a. Suppose h t 
is (a, /3)-continuous, viewed as a map X x I — y X, where (3 > a. Then either ht{x) 
is /3-close to h t '(x'), or |t — t'\ < (3 and there exist a, a' £ A such that ht(x) is /3- 
close to h t (a) = a, h t (x f ) is /3-close to /it(a') = a', and d(f (a) , f (a')) < f3. Therefore 
d3([ht(x)], [h t '(x')}) < 3/3. Thus H t is a uniform homotopy. 

It remains to observe that the image of V U Y in X U/ F is a uniform neighborhood 
of y in X U/ y, by considering the d^ metric. □ 

Proof of Theorem 4-32. We only consider the case of ANRs; the case of ARs is similar, 
and alternatively it can be deduced from the case of ANRs using Theorem 4.27. 

Suppose X Uf Y is a closed subset of a metrizable uniform space Z. We are going to 
apply Theorem 4.22(b); to this end, fix an e > 0, and feed it into the preceding lemma. 
Let Uy be the uniform neighborhood of A in X provided by the preceding lemma, and let 
ht and H t be the homotopies provided by the preceding lemma. Define / : X — y X Uf Y 
by f{x) = [x]. Let Ux be a uniform neighborhood of X \ Uy, uniformly disjoint from A; 
then f uniformly embeds U x . Write V = X U, Y, V A = f(U x n U Y ), V x = f(U x ) and 
Vy — Y U f(Uy). Let Z x and Zy be uniformly disjoint open uniform neighborhoods 
respectively of V x \ Va and of Vy \ Va in Z, and set Za = Z \ [Z x U Zy). 

Since A is a uniform ANR, h\f~ x \y A extends to a uniformly continuous map <pa '■ Wa 
A, where Wa is a uniform neighborhood of Va in Va U Za- Since Va is a uniform 
neighborhood of Za H V in V, there exists a uniform neighborhood iV^ of V in Z such 
that iV A n Z A C Wa- Since X is a uniform ANR, (/ii/ -1 |vx) U^:VxU^a^^ 
extends to a uniformly continuous map (p x : W x U — > X, where W x is a uniform 
neighborhood of Vx in Z x U Vx- Since Vx is a uniform neighborhood of Z x fl V in V, 
there exists a uniform neighborhood N x of V in Z such that N x fl Zx C W x . Since V 
is a uniform ANR, U ftp a'- Vy U IV^ — y Y extends to a uniformly continuous map 

ify : Wy U IV4 — V) where Wy is a uniform neighborhood of Vy in Zy U Vy. Since Vy 
is a uniform neighborhood of Zy fl V in V, there exists a uniform neighborhood Ny of 
V in Z such that N Y n Zy C Wy. 

Since Zx and Zy are uniformly disjoint, so are W x and PVy, and therefore the map 
(/Vx) U (^y : IVx U IV4 U PVy — y V is well-defined and uniformly continuous. By con- 
struction it restricts to H\ on V. On the other hand, Wx U IVa U Wy contains the 
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uniform neighborhood Nx H Na H iVy of V in Z. So we infer from Theorem 4.22(b) that 
V is a uniform ANR. □ 

Corollary 4.34. If X and Y are uniform A[N]Rs each containing a closed copy of a 
uniform A[N]R A, then the amalgamated union A LU Y is a uniform A[N]R. 

Modulo Corollary 3.6, this also follows from the results of Nhu [66], [67], who used 
the g?2 metric on the underlying set of X LU Y but did not identify it as a metric of the 
quotient uniformity. 

Theorem 4.35. If Y is a metrizable uniform space, B C Y , and X and A C X are 

uniform A[N]Rs, then U((Y,B), (X, A)) is a uniform A[N]R. 

For an alternative proof see Corollary 4.44 below. 

Proof. We consider the case of ANRUs; the case of ARUs follows using Theorem 4.27. 

By Theorem 4.10, the completion A of A is an ANRU. Hence by Theorem 2.36, 
U(Y, X) is an ANRU. Again by Theorem 4.10, there exists a uniform homotopy ht of X 
such that ho = id and /it (A) C X for t > 0. Now Ht'. f \-> h t f is a uniform homotopy 
of U(Y, X) such that H = id and H t (U(Y, A)) C U(Y, A) for t > 0. Hence by Theorem 
4.10, U (Y, A) is a uniform ANR. 

Since A is a uniform ANR, by Theorem 4.22(b) for each e > there exists uniformly 
continuous map g : U — > A, where U is a uniform neighborhood of A in A such that g\& is 
uniformly e-homotopic to idyi with values in A. Then G : f i— > gf is a uniformly contin- 
uous map £/((Y, -B), (A, [/)) — ► E/((Y, B), (A, A)) such that G|i/((y;b),(x, j 4.)) is uniformly 
e-homotopic to idu((Y,B),(x,A)) with values in U((Y,B), (X,A)). Since U((Y,B), (X,U)) 
is a uniform neighborhood of U((Y,B), (X,A)) in U(Y,X), again by Theorem 4.22(b), 
U({Y, B), (A, A)) is a uniform ANR. □ 

Remark 4-36. Under the hypothesis of 4.35, the path components of U((X,A), (Y,B)) 
form a uniformly disjoint collection (see [50; V.16] and its proof). In particular, each 
path component of U((X, A), (Y, B)) is a uniform ANR. It follows, for instance, that the 
subspace of self- homotopy equivalences in U((X, A), (A, A)) is a uniform ANR. 

Note that Theorem 4.35 implies Corollary 2.33. Here is another consequence: 

Corollary 4.37. If P is a uniform ANR, then the iterated loop space Q n (P,pt) = 
U((S n ,pt), (P,pt)) is a uniform ANR. 

Theorem 4.38. Let A be a finite diagram of uniform ANRs and uniformly continuous 
maps. Then the homotopy limit and the homotopy colimit of A are uniform ANRs. 

Proof. We explicitly consider only the mapping cylinder and the mapping cocylinder; 
the general case is established similarly. Let / : A — > Y be a uniformly continuous map 
between uniform ANRs. Then MC(f) is the adjunction space X x I\JpY, where /' is 

the map A x {0} = A — > Y, and therefore a uniform ANR by Theorem 4.32. 



METRIZABLE UNIFORM SPACES 



40 



We recall the mapping cocylinder MCC(f) = {(x,p) G X x U(I,Y) \ f(x) = p(0)}. 
For each e > 0, we define a uniform embedding j £ of MCC(f) into MCC'(f) := 
U((I,{0},{l}),(MC(f),X,Y))bj 



j E (x,p){t) 



[(x,t/S)}, t<6, 
XiEf)]. 

where 5 = <5(p, e) is given by Lemma 4.39 below, and the square brackets denote the 
equivalence class in MC(f) = X x I U Yj ~. By Theorem 4.44, either generalized 
from pairs to triples or coupled with Remark 4.36, MCC'(f) is a uniform ANR. On 
the other hand, we have a uniformly continuous map r: MCC'(f) — > MCC(f) given 
by r{jp) = (p(0),7rp), where ir: MC(f) — >• V is the projection. Clearly, rj e is uniformly 
e-homotopic to the identity. Hence MCC(f) is a uniform ANR by Corollary 4.22(a). □ 

Lemma 4.39. Let X and Y be metric spaces. Then for each e > there exists a uni- 
formly continuous function 5: U(X,Y) — > (0,1] such that each p G U(X,Y) is (5(p),e)- 
continuous. 

Proof. Let Z n be the set of all (2~ n , |)-continuous maps in Z := U(X,Y). Clearly, 
Z C Zi C . . . , and U^„ = Z. Let f/ n be the (1 - 2-"- 1 )|-neighborhood of Z n . Thus 
each p G U n is (2~ n , e)-continuous. Since Z n C Z m for m > n, the (2~ n ~ 1 — 2~ m ~ 1 )|- 
neighborhood of U n lies in C/ m . For each p G £/ n+ i \ U n let r n (p) = max(|d(p, U n ), 2~ n ~ 2 ), 
and let = 2 _n_1 — r n {p). Since p G £/ n +i and < 2~ n ~ 1 , we infer that p is 
(5(p), e)-continuous. 

By construction 5 is |-Lipschitz on all pairs (p,p') with G U n+ i\U n . On the other 
hand, since U m contains the (2~™ _1 — 2~ m ~ 1 )|-neighborhood of U n , we have d(p, U n ) + 
d(p, Z\U m ) > (2~ n - 1 -2- m - 1 )|forallp G U m \U n . Hence <(p)+g m (p) > 2^- 1 -2" m " 1 , 
where r^Qo) = |c/(p, C/ n ) and q m (p) = ^d(p, Z \ U m ). If p £/ n+ i, we additionally have 
?m(p) > 2~ n ~ 2 - 2- m_1 , and it follows that r n (p) + q m (p) > 2~ n ~ 1 - 2~ m ~ 1 . Therefore 
6(p) = 2~ n ~ l - r n {p) < 2~ m ~ l + q m (p) for all p G C^i \ U n . Given & p' E U m+l \ U m , we 
have <5(p') = 2~ m ~ l — r m (p'), and therefore 

< 8(p) - 5(p') < q m (p) + r m (p') < l[d(p, Z \ U m ) + d(p', U m )\ < l[d(p,p') + d(p',p)\. 

Thus 5 is |-Lipschitz on all pairs (p,p') with p' G £/ m+ i \ U m and p G £/ n+ i \ U n with 
m > n. But all pairs are either of this type or of the similar type with m = n, which 
has already been treated. Thus 5 is |-Lipschitz. □ 

4.D. Relative functional spaces via non-metrizable amalgam 

This subsection is devoted to an alternative proof of Theorem 4.35 (with a similar result 
for non-metrizable ARUs and ANRUs as a byproduct), avoiding the infinite construction 
in the proof of Theorem 4.21 but involving a study of amalgamated unions of non- 
metrizable uniform spaces. 
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Lemma 4.40. A cover of X UaY is uniform if and only if it is refined by a cover of 
the form C + D := {st(z, C U D) \ z G X LU Y}, where C is a uniform cover of X and 
D a uniform cover ofY. 



Proof. Let E be a uniform cover of X LU Y . Then E is star-refined by a cover E* such 
that C := E* D X is a uniform cover of X and Z) := E* H Y is a uniform cover of Y. 
Then C U D refines E*, hence C + D refines E. 

Conversely, let C be a uniform cover of X and D a uniform cover of Y. We need 
to construct a sequence of covers E ,Ex, ... of X U Y such that Z? = C + D, each 
^i+i star-refines Ei, and each ^ fl X is a uniform cover of X and each £7j D Y is a 
uniform cover of Y. First note that (C + D) C\ X itself is uniform, for it is refined by 
{st(x, C) | x G X}, which in turn is refined by C. Similarly (C + D) fl Y is uniform. 

Let C* be a uniform cover of X star-refining C and let be a uniform cover of Y 
star-refining D. Then := C* fl A and Z)^ := f]A are uniform covers of A, hence so 
is F* := C*AD* = Ca/\Da- Since Ca is a uniform cover of A, it is of the form Cy fl A for 
some uniform cover Cy of Y. Similarly Da is of the form DxC\A for some uniform cover 
Dx of X. Then := C*/\Dx is a uniform cover of X star-refining C and D'^ := D*ACy 
is a uniform cover of Y star-refining D. In addition, fl A = = Z)^ fl A. 

Next, let C** be a uniform cover of X star-refining C[ and let Z)** be a uniform cover 
of Y star-refining F/. Let = C** A D**, and define and D'^ similarly to the 
above. Then C'^ is a uniform cover of X star-refining C[ and D'^ is a uniform cover of 
Y star-refining r/ ; in addition, C'^ClA — F„ = D'„ H A. 

We claim that C'^ + Z)^ star-refines C + D; iterating the construction of C^ and 
-D** would then yield the required sequence Ei, E 2 , ■ ■ ■ (with Ei = C'^ + -D*J. Given a 
z G XLU Y, we will show that st(z, C'„ + D'„) lies in st(z', C) Ust(z', Z)) = st(z',CllD) 
for some z' G X LU Y. By symmetry we may assume that z G X. Let U be an element 
of + containing z. Then f/ = st(itf, U st(w, Z)*J for some wgIUaF. We 
consider two cases. 

I. First suppose that z ^ st(A, C^J. Then w £ X \A, hence U = st(w, C^J. Then U 
is contained in an element of C' # , which is in turn contained in an element of C. Thus 
U C st(z, C) and we may set z' = z. 

II. It remains to consider the case where z G st(A, C^). Then 2: G st(z', C^) for some 
z' G A. Also since z E U, either z G st(w, C^J or 2 G st(u>, -D^). We consider these two 
cases. 

1. If z G st(w,D'^) then z G Y, whence 2 G A. Since 2 and 2' are contained in one 
element of and also in A, they are contained in one element of F**, hence in one 
element of D'^. Thus z G st(z',Z)^J and w G st(z,Z)^), whence u> G st(V,.T/). In 
particular, w G Y. We consider two cases. 

a) If w ^ A, then [7 = st(u>, -D*J. Then [7 C st(z', D) and we are done. 

b) If w G A, then w G st(z', FA, and therefore w G st(z', C*). Then [7 = st(w, C^) U 
st(u>, Z)^J is contained in st(z', C) U st(z', -D) and we are done. 
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2. If z G st(w, C^) then also it) G st(z, C^), and therefore it) G st(V, C£). In particular, 
it) G X. We consider two cases. 

a) If w £ A, then U = st(w, C*J. Then C/ C st(^', C) and we are done. 

b) If w G A, then w G st(^', F*), and therefore w G st(z', D*). Then [/ = st(w, C£J U 
st(u>, F/J is contained in st(z', C) U st(V, F) and we are done. □ 

We note that Lemma 4.40 yields an alternative proof of Corollary 4.41, apart from 
the explicit metric: 

Corollary 4.41. If X and Y are metrizable uniform spaces, every amalgamated union 
X Ua Y is metrizable. 

Proof. Let C\, C2, ■ ■ ■ be a basis of the uniformity of X and Di, D2, . . . be a basis of the 
uniformity of Y . If C is a uniform cover of X and D is a uniform cover of Y, then there 
exists an i such that refines C and Di refines D. Then Cj + Di refines C + D. Hence 
every uniform cover of X Ua Y is refined by one of C\ + Di, C2 + D2, . . . . By Theorem 
2.9, X U A Y is metrizable. □ 

Corollary 4.42. Let X and Y be uniform spaces and A C X and B C Y closed 
subspaces. 

(a) The subspace XxBUAxYofXxYis uniformly homeomorphic to the amal- 
gamated union X x B Uaxb A x Y . 

(b) If X is metrizable, then the natural maps BxA-^BxX,BxA^-YxA and 
Y x A UbkA B x X — > Y x X are uniform embeddings. 

Part (a), whose proof is similar to (b) (but easier), will not be used below; the metriz- 
able case of (a) can also be deduced from Corollary 3.6. 
The first two assertions of (b) are proved in [50]. 

Proof of (b). Since X is metrizable, a base of uniform covers of B x X is given by covers 
of the form {U a x V^}, where {U a } is a uniform cover of B and for each i, {V^} is 
a uniform cover of X. It follows that BxA^-BxX is a. uniform embedding (cf. 
[50; 111.29] ) . Since A is metrizable, a base of uniform covers of Y x A is given by covers 
of the form {U a x V£}, where {U a } is a uniform cover of Y and for each i, {V^} is 
a uniform cover of A. It follows that BxA^-YxA is a, uniform embedding (cf. 
[50; III. 25]). Since X is metrizable, a base of uniform covers of Y x X is {U a x V^}, 
where {U a } is a uniform cover of Y and for each i, {V^} is a uniform cover of X. Then 
another such base is given by covers of the form W % a := {st(p, {U a x V£\) \ p G Y x X}. 
On the other hand, by Lemma 4.40, a base of uniform covers of Y x A UbkA B x X 
is given by W % a := {U a x V^} + {U a x V£} in the same notation as above. Since each 
Wl = W^n{YxAUBxX), we obtain that the injective map Y x AU BkA B xX -> YxX 
(furnished by the categorical definition of a pushout) is a uniform embedding. □ 

Theorem 4.43. If X is a metrizable uniform space, A is a subset of X, and Y and 
B CY are A[N]RUs, then U((X,A), (Y, B)) is an AfNjRU. 
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The case A = is known (see Theorem 2.36); the proof of the general case is based 
on the same idea but additionally employs Corollary 4.42(b). 

Proof. We consider the ARU case; the ANRU case is similar (cf. the proof of Theorem 
2.36). Since B is an ARU, it is complete, and therefore closed in Y . Then without loss of 
generality A is closed in X (else it can be replaced by its closure). Pick a pair (Z, C) of 
uniform spaces with C closed in Z and a uniformly continuous f:C—> U((X, A), (Y, B)). 
We now apply Corollary 4.42(b). Since CKA4CxIisa uniform embedding, / 
determines a uniformly continuous map $: (C x X, C x A) — >■ (Y, B). Since C x A — > 
Z x A is a uniform embedding and B is an ARU, the restriction ip: C x A — > B of 
extends to a uniformly continuous ifj : Z x A — >• B. Since Z x A Ucka C x A — >• Z x X 
is a uniform embedding and Y is an ARU, $ Z tx A UqkA C x A — > F extends 

to a uniformly continuous <J : Z x A — >• F. This map $ : (Z x A, Z x A) — >■ (Y, B) 
determines a uniformly continuous f:Z—> U((X,A), (Y,B)) extending /. □ 

Corollary 4.44. If Y is a metrizable uniform space, B C Y , and X and A C A are 

uniform A[N]Rs, then U((Y,B), (A, A)) is a uniform A[N]R. 

For an alternative proof, see Theorem 4.35. 

Proof. We consider the case of uniform ANRs. The case of uniform ARs follows e.g. 
using Theorem 4.27. 

We first construct a uniformly continuous homotopy h t of (A, A) such that ho = id 
and ht(X, A) C (A, A) for t > 0. Let /i^ and hf be uniformly continuous homotopies of 
A and A such that h£ = id, kg = id, /i t A (A) C A and hf(X) C A for t > (see Lemma 
4.10). Define ^ : A -»■ A by /ij(x) = h* A) (x), where d is a metric on A bounded by 
1. Then /i 1 : A x 7 — )• A is uniformly continuous, h\ — id, — id, and h\(X\A) C A 
for t > 0. 

On the other hand, since A is a uniform ANR and IflJ is closed in A, the homotopy 
hfl^nx can be extended to a uniformly continuous homotopy H t : U — >■ A, where C/ is a 
closed uniform neighborhood of A in A, so that ifo = id. The latter in turn extends by 
continuity to a uniformly continuous homotopy Ht'. U —> A, which necessarily restricts 
to hf on A. Define r:Ax/^f7x/UAx{0}by r(x,t) = (x,t(l - ud(x,A))), 
where u = l/d(U,X \ U). Then r is the identity on A x J, sends U x I into itself, and 
(X \ U) x I into (A \ 0") x {0}. Define ^ : x -> A by /i t 2 (x) = H t (r(x,t)) for x E U 
and by ftf(x) = x for x ^ U. Then /iq: A x J — )• A is uniformly continuous, /iq = id, 
h 2 t (X) = h 2 t (U) U /i, 2 (X \ U) C A for all t, and /i 2 (A) C A for i > 0. 

We set h t = h\h\. Then h Q = id, /i t (A) = f%(h\(A) U ^(A \ A)) C /i 2 (A U A) C A 
for t > 0, and h t (A) = h 2 t (h](A)) = h 2 t (A) C A for t > 0. 

Now define a homotopy <y9 f of t/((F, B), (A, A)) by ^(/) = h t f. Then </? t is uniformly 
continuous, ip = id and ip t sends £/"((Y,5), (A, A)) into C7((y,S), (A, A)) for t > 0. It 
follows that Z7((y,B), (A, A)) is a completion of C/((y,S), (A, A)). Now the assertion 
follows from Theorems 4.10 and 4.43. □ 
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5. Inverse limits 

5. A. Convergence and stability 

5.1. Inverse limits. Let Xi,X 2 ,... be metrizable uniform spaces. Given uniformly 
continuous maps fi\ Xi+i — > Xi for each i, the inverse limit L := hm(-^> X\ -A Xq) is 
defined to be the subset of Y\Xi consisting of threads, i.e. sequences (xx,X2, ■ ■ ■ ) such 
that each fi(x i+ i) = Xj. The map L — >■ Xi is defined by restricting the projection 

7Tj : Y[Xj — > Xi. The bonding maps fi have compositions Xj ... A- X, denoted 

by //. Since every two uniform covers of each Xj+i can be refined by a single uniform 
cover, we conclude that a cover of L is uniform iff it can be refined by the preimage 
of a single uniform cover of some Xi. It is easy to check that (L, is the category- 
theoretic inverse limit, i.e. every family of uniformly continuous maps (fi'.L 1 — > Xi 
commuting with the bonding maps fi factors through a unique map <p : V — > L (so that 
each ipi = f°°(p). 

It is easy to check that if each Xi is complete; separable; point-finite; star-finite; or 
Noetherian, then so is L. And if each Xi is a uniform local compactum and each fi 
is proper (i.e. the preimage of every compactum is a compactum), then L is a uniform 
local compactum. 

5.2. er-Separating maps. Let /: X — > Y be a map between metric spaces. We recall 
that / is uniformly continuous iff for each e > there exists a 5 > such that / is (5, e)- 
continuous, that is, sends 5-close (=at most 5-close) points into e-close points. Note 
that the Hahn property (see §4.B) involved e-continuous maps, i.e. maps that are (5, e)- 
continuous for some 5 > 0. Dually, we say that / is (e, 5) -separating if 5-close points 
have e-close point-inverses; and e-separating if it is (e, 5)-separating for some 5 > 0. 
Note that when X is compact, the latter is equivalent to the more familiar notion of an 
"e-map", which is that / _1 (x) is of diameter < e for every x G X. e-Separating maps 
were known to Isbell [51], who called them simply "e- mappings" . 

Lemma 5.3. Given an inverse sequence of metric spaces Xi and uniformly continuous 
maps pi, for each e > there exists an i such that pf° : l^mXj — > Xi is e-separating. 

Proof. Let C be the cover of JimXj by all sets of diameter e. Since C is uniform, it is 
refined by (pf 3 ) _1 (Cj) for some uniform cover Cj of Xi. If A is the Lebesgue number of 
Cj, we obtain that p°° is (e, A)-separating. □ 

5.4. Preudenthal's space and mapping telescope. Consider an inverse sequence 
X = (...—>■ X\ — > X ) of uniformly continuous maps between metrizable uniform 

t ; ir i • / -ia , , iA , , -ia ^ U id U/i « _ „ id U/o \ 

spaces. Let A NUoo = hm(. . . — > X 2 U X\ U A > X\ U X > X ). Given 

any subset J C N U {oo}, we denote by Xj the preimage of J under the projection 
A^nuoo ->NU {oo}. Note that is identified with hmX, and its complement X N is 
homeomorphic to the topological space UieN^- ^ eac ^ ^ ls complete, Xn Uoo is the 
completion of X^. 
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We may further define X[o )00 ] to be the inverse limit of the finite mapping telescopes 
JT[ , re ] = MC(fo) U Xl MC(fx) Ux 2 ■ • • Ui„_! MC(f n -i) and the obvious retractions 
X[o,n+i\ ^[o,n]- If J C [0,oo], by Xj we denote the preimage of J under the ob- 
vious projection X[ 0;OO ] [0, 00]. Clearly, X NUoo is same as before. 

5.5. Convergent and Cauchy inverse sequences. Let us call the inverse sequence 
X convergent if every uniform neighborhood of l^mX in Xn Uoo (or equivalently in X[o )00 ]) 
contains all but finitely many of Xj's. We say that X is Cauchy if for every e > there 
exists a k such that for every j > k, the e-neighborhood of Xj in X^ (or equivalently 
in X[ 0jOO )) contains X^. Clearly, these notions depend only on the underlying uniform 
structures. Here is an example of a Cauchy inverse sequence that is divergent: . . . C 
(0, |] C (0, 2] C (0, 1]. The inverse sequence . . . C [2, 00) C [1, 00) C [0, 00) fails to be 
Cauchy. 

The close analogy with the definition of a convergent /Cauchy sequence can be for- 
malized. It is easy to see that the inverse sequence X is convergent (Cauchy) iff the 
sequence of the closed subsets Xi of X NUoo is convergent (Cauchy) in the hyperspace 
H(X NUco ), or equivalently in H(X[ 0)OO ]). This implies parts (a) and (b) of the following 
lemma. 

Lemma 5.6. [62] Let X — (■ ■ ■ — > X± — > X ) be an inverse sequence of uniformly 
continuous maps between metric spaces. 

(a) If each Xi is compact, X is convergent. 

(b) If X is convergent, it is Cauchy; the converse holds when each Xi is complete. 

(c) X is convergent if and only if for each i, each uniform neighborhood o//°°( |m I) 
in Xi contains all but finitely many of f-(Xj) 's. 

(d) X is Cauchy if and only if for each i and every e > there exists a k such that 
for every j > k, the e -neighborhood of f?(Xj) in Xi contains ff{Xk). 

(e) If each Xi is uniformly discrete, X is convergent if and only if it satisfies the 
Mittag-Leffter condition: for each i, the images of X^ in Xi stabilize, i.e. there exists a 
j > i such that Pi(Xk) = pi(Xj) for each k > j . 

(f) If X is convergent and each Xi is non-empty (resp. uniformly connected), then 
|im J is non-empty (resp. uniformly connected). 

(g) If Y — (. . . Yi Yq) is another inverse sequence of uniformly continuous 
maps between metric spaces, hi'. Xi — >■ Yi are surjections commuting with the bonding 
maps and X is convergent (Cauchy), then Y is convergent (resp. Cauchy). 

It should be noted that the map limX — > hmy in (g) is not necessarily a surjection, 
in contrast to the compact case. For instance, take Xi = N := {0, 1, . . . } and Yi = [i] := 
{0, . . . , i — 1} (discrete uniform spaces), and let each fi be the identity map, and gc. [i + 
1] — > [i] and hi : N — >■ [i] the retractions with the only non-degenerate point-inverses 
being those of i — 1. Then hjny is homeomorphic to the one-point compactification of 
N, where the remainder point is not in the image of hm X. 

See [62] for an alternative proof of (a) and a more detailed proof of (c). 
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Proof. Parts (a) and (b) have been proved above. Parts (c) and (d) follow using that 
each pf : X^ i+ i t _ j00 ^ — > Xi (which is the restriction of p°° : X^ Uoo — > X\ U • • ■ U Xi) is 
uniformly continuous and ^-separating, where £j — > as i — > oo, by Lemma 5.3. Parts 
(e) and (f) follow from (c); part (g) follows from (c) and (d). □ 

From (b) and (d) we immediately obtain (compare [62]) 

Corollary 5.7 (Bourbaki's Mittag-Leffler Theorem). Let L be the limit of an inverse 

sequence X = (. . . — > X\ — V X ) of uniformly continuous maps between complete 
metrizable uniform spaces. If each fi(X i+ i) is dense in X i} f£°{L) is dense in X . 

As observed by V. Runde, a special case of 5.7 is (compare [62]) 

Corollary 5.8 (Baire Category Theorem). The intersection of a countable collection of 
dense open sets in a complete metrizable uniform space is dense. 

The substantial result of this subsection is that inverse limits are stable under suffi- 
ciently small perturbations of inverse sequences. 

Proposition 5.9. Let . . . Xi -A X and . . . -A Yx -A Y be inverse sequences of 
uniformly continuous maps between metric spaces, where the Yi are complete, and let X 
and Y be their inverse limits. Let fi : Xi — > Y i} i = 0, 1, . . . , be uniformly continuous 
maps. A uniformly continuous map /: X — >■ Y such that each qf°f is 2(3i-close to fipf" 

(a) exists, provided that 

(i) fip 1 ^ 1 and ql +1 fi+i are ctj-close for each i, where 

(ii) a-i > is such that g* is (c^, 2 J ~ i /3j)- continuous for each j<i; 

(b) is unique, if in addition to (i) and (ii) the following holds: 

(iii) each > is such that qf° is (5i, 9$) -separating, where 5i > 
is such that qf° is ^-separating and — as i — > oo; 

(c) is a uniform homeomorphism onto its image, if 

(iv) each /j is (73, 5/3.;)-separating, where 

(v) each 7^ > is such that is (£j, 7^) -separating, where e, > is 
such that is ^-separating and £j — y as i — > 00; 

(d) is surjective, if in addition to (i)-(v) the following holds: 

(vi) every y[ G Yi is a,;-close to some yiEfi(Xi); 

(vii) X is complete and . . . -A X\ -A Xq is convergent. 

Admittedly the statement of Proposition 5.9 is rather cumbersome. For some purposes 
it becomes more revealing if simplified in one or both of the following ways. 

Corollary 5.10. Proposition 5.9(a,b,c,d) holds 

(e) if each Xi has diameter < 1, and condition (v) is replaced by 

(v') each 7^ > is such that p % - is (7^ 2 J_4 )-continuous for all j <i; 

(f) if each Yi has diameter < 1, and condition (iii) is replaced by 

(iii') each > is such that is (9/3j, 2- ?_4 )- continuous for j<i; 
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(g) when (e) and (f) are combined. 

Proof. If each Xj has diameter < 1, we may endow X with the metric d((xi), (a^)) = 
sup{2~ l d(xi, x'j) | % G N} and take £j = 2~\ Then (v) follows from (v'). 

Similarly, if each Yj, has diameter < 1, we may endow Y with the metric d((yi), (y'j)) = 
sup{2~ J (i(?/j, y'i) | % G N} and take 5i = 2~\ Then (iii) follows from (hi'). □ 

In the compact case, a version of Corollary 5.10(g) was obtained by Rogers [78]. His 
proof is by a different method, reducing the general case to the case where pj and are 
embeddings, and involving what appears to be a substantial use of compactness. 

We note the following regarding the proof of Proposition 5.9. The proof of (d) will 
not be simplified if the fi are assumed to be surjective. If the fi are only assumed to be 
continuous, rather than uniformly continuous, then the hypotheses of (a) and (c) still 
imply that / is a homeomorphism onto its image and f~ l is uniformly continuous. The 
constant 9 in (iii) and (iii') is relevant for (d), but can be replaced by 5 for the purposes 
of (b). 

Proof, (a). Let us consider the compositions : X ^-s- Xj Yi Yj. By (i) and (ii), 
Fj l+1 ^ and Fj are 2 J_: '/3 7 -close for every i > j. Since Yj is complete, _pj J+fc ' ) uniformly 

converge to a map Fj \ X ->■ Yj. Since 2° + 2~ x H = 2, it is 2/3 r close to F^ ] = fjpf. 

Each fi is uniformly continuous, hence so is each F^ +k ^ and consequently their uniform 
limit Fj. Since each Fj = q^F^, we obtain Fj = q^ +1 Fj + i. Then by the universal 
property of inverse limits there exists a uniformly continuous map / : X — > Y such that 
q°°f = Fj for each j. In particular, g°° / is 2/3,-close to fjp°° for each j. □ 

(b) . Given another map /': X — > Y such that q°°f is 2/Sj-close to fjpf for each j, we 
have that qf f is 4/3j-close to qf f for each j. Hence by (iii), /' is 5j-close to / for each 
h i-e. /' /• □ 

(c) . By (iv) and (v), each fjpT is (sj, 5/3j)-separating. By the hypothesis it is 2/3j-close 
to qj°f, so the latter must be (Ej,5f3j — 2j3j — 2/3j)-separating. In particular, q°°f is 
^-separating; hence so is /. Since this holds for every j, and Ej — > as j — > oo, / must 
be injective. On the other hand, since g°° / is (ej, /3j)-separating, and the uniformly 
continuous q°° is (Aj, /3j)-continuous for some Xj > 0, / is (Ej, Aj)-separating. Then 
f~ x : f(X) — > X is (Aj, £j)-continuous for every j. Since Ej — > as j — > oo, we conclude 
that J" 1 is uniformly continuous. □ 

(d) . Pick some y G F. By (vi), each q°°(y) is aldose to some ?/j = for some 
Xi G Xj. Let fij be such that fj is (/ij, aj)-continuous. By the convergence hypothesis 
and Lemma 5.6(c), there exists an i = (p(j) such that p l j(Xi) is contained in the fij- 
neighborhood of pf } (X). Then p l j(xi) is /Xj-close to Pj°(x^) for some x^) G X. Hence 

:= fjP)( x i) is aj-close to yj^ := fjP™(x{j))- Now let us consider an arbitrary k < j. 
By (ii), ql(yj) is |/3fc-close to q J k (yj )■ On the other hand, by (i) and (ii), q J k fj is 2/3fc-close 
to /fcp^ (and even (2(3k — t)-close for some i > 0, using that 1 + | + • • • + 2 fc ~ J < 2); hence 
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q> k {yf) is 2/3 fc -close to y\, and is 2/3 fc -close to y { k j) := f k pt( x {i))- Summing up, y { k o) 

is |/3fc-close to By the above, the latter is in turn a^-close, hence by (ii) /3fc-close to 
y k . Thus y k is y/3fc-close to y k . Since by (iv) and (v), fkP'k * s ( £ fc> 5/3fc)-separating, 
we conclude that xu) is e^-close to X(ky Consequently xm,X(2), ■ ■ ■ is a Cauchy sequence, 
and since X is complete, it converges to some x & X. 

By (b) we have q°°f = Fj in the notation in the proof of (a), where Fj(x) is the limit of 
Fj l \x) 7 s as i — > oo, each Fj\x) in turn being the limit of Fj (a;(j))'s as / — >• oo. We have 
F^\x(i)) = q)fiPT{ x {i)) = Qj(y®)- From (i) and (ii), qj(yf') is 2/3 j- close to Without 
loss of generality, I > j; then by the above, y^p is |/3,-close to y™, where m = (f(l). From 
(i) and (ii), y™ is 2/3,,-close to q^ii/m)- By our choice of y m , this y m is a m -close to q^{y), 
hence by (ii), q™(ym) is |/3j-close to qfiy) (using that m > I < j + 1). To summarize, 
Fj l \x(i)) = q l j{y\ ) is 9/3j-close to q°°(y); in fact, they are even (9/3j — t)-close for some 
l > 0. Hence Fj % \x) is (9/3j — |)-close to qj°(y) for each i Then -Fj(x) is 9/3.,-close to 
qj°(y). Since Fj = (/j /, by (iii), f\x) is ^-close to y for each j. Since 5j — >• as j — > oo, 
we obtain that /(a;) = y. □ 



The following is a direct consequence of Corollary 5.10(a,b,f); the compact case (apart 
from the uniqueness) is due to Mioduszewski [65]. 



Corollary 5.11. Let . . . X\ Xo be an inverse sequence of uniformly continuous 
maps between complete metric spaces, and let X be its inverse limit. Then there exists a 
sequence of (3* > such that for each sequence of (3i G (0, j3*] there exists a sequence of 
oii > such that the following holds. Suppose . . . Yi Yo is an inverse sequence of 
uniformly continuous maps between metrizable uniform spaces, and Y is its inverse limit. 
If ni is a non- decreasing unbounded sequence of natural numbers, and fi : X ni — > Yi are 
uniformly continuous maps such that the diagram 



PO, 



X 



rii+i 



fi 



^ Y+i 

■> Y 



ai- commutes for each i, then there exists a unique uniformly continuous map f: X — > Y 
such that the diagram 



X 



Xr, 



I 



■> Y 



(3i- commutes for each i. 
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5.B. Inverse sequences of uniform ANRs 

Lemma 5.12. Let X be the limit of a convergent inverse sequence of metrizable uniform 
spaces Xi and uniformly continuous maps Pi, and let Y be a metric space. 

(a) Suppose that Y satisfies the Hahn property. Then for every uniformly continuous 
map f : X — > Y and each e > there exists a j and a uniformly continuous map 

3 9 

g: Xj — >■ Y such that f is e-close to the composition X — > Xj — >■ Y. 

(b ) Suppose that f,g:Xi — > Y are uniformly continuous maps such that the two 

pT f 

compositions X Xi =4 Y are e-close. Then for each 8 > there exists a k such that 

g 

Pi f 

the two compositions X^ — ^ Xi ^Y are (e + 5) -close. 

9 

The conclusion resembles Mardesic's definition of "resolution" which is the basis of 
his approach to shape theory [59]. 

A special case of (a), with the convergence hypothesis strengthened to surjectivity of 
all bonding maps, was known to Isbell [49; 7.4]. 

(a) . Let 8 = o~Hahn(£/2) be given by the Hahn property for esanh — £ /%- Let us fix some 
metrics on X and the X^s. There exists a 7 > such that / is (7, 5)-continuous. Then 
by Lemma 5.3 there exists an i such that p°° : X — > Xi is 7-separating. Hence p°° is 
(7, 3/3)-separating for some > 0. Then by Lemma 5.6(c) there exists a j such that the 
/3-neighborhood of p°°(X) contains p\(Xj). 

Now every x G Up is /3-close to p°°(ip(x)) for some <p(x) G X. (If Xi is separable, the 
definition of cp: Up — > X requires only the countable axiom of choice. We do not require 
that (pp°° = idx ■) Moreover, if y is /3-close to x, then pf((p(y)) is 3/3-close to p°°(ip(x)). 
Hence <p(y) is 7-close to <p(x). Thus ip is (/3, 7)-continuous. 

The composition Up ^ X — > Y is (/3, 5)-continuous, and so is (e/2)-close to a uni- 

formly continuous map ip: Up — > Y. Hence also the composition X Up — > X — > Y 

is (e/2)-close to the composition X Up — > Y. Since / is (7, /3)-separating, the com- 

position X — ^ Up — > X is 7-close to idx, and therefore the composition X — ^ Up — >■ 

I47is 5-close to /. We may assume that S < e/2. Then we conclude that / is 

e-close to the composition X Xj — ^ Up — >■ Y . □ 

(b) . Let us fix some metric on the Xj, and pick a 7 > such that / and g are (7, 8/2)- 
continuous. By Lemma 5.6(c) there exists a k such that the 7-neighborhood of p°°(X) 
contains p\{Xk). Given an x G Xj., pick a z G X such that pf{z) is 7-close to p\{x). 
Then the /- and g-images of pf(x) are (<5/2)-close to those of p°°(z), which are in turn 
£-close to each other. □ 

Theorem 5.13. Let . . . — ^» Y\ -^V Y be an inverse sequence of uniformly continuous 
maps between metric spaces satisfying the Hahn property, and let Y be its inverse limit. 
Suppose f : X — >• Y is a uniformly continuous map, where X is the limit of a convergent 
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inverse sequence . . . — > X\ — > Xq of uniformly continuous maps between metrizable 
uniform spaces. Then for each sequence of ctij > there exist an increasing sequence of 
natural numbers n i; and uniformly continuous maps fi \ X n . — > Yj, such that the diagrams 



X 



rii+i 



x„ 



I: 



i+1 



* Y 



and 



X 



x„ 



f 



■> Y 



oti- commute for each i. 

The compact case is due essentially to Mioduszewski [65]. 
Proof. By Lemma 5.12(a), there exist an uq and a uniformly continuous /o : X no — > Yq 



such that the composition X X no -A Y is (a /3)-close to X A Y Y . Similarly 
for each a[ > there exist an n[ > Uq and an f[ : X n > — >■ Y"i such that the composition 

X — ->■ X n i —> Y\ is o^-close to X — > Y — > Y\. Let a[ < ai/3 be such that is 

p ™° fa n 'i f[ 

(a[, ao/3)-continuous. Then the compositions X — % X no — > Yq and X — h X n i — % 
Y\ -A Y are (2a /3)-close. Hence by Lemma 5.12(b), there exists an n\ > n[ such that 



the compositions X ni X no -^V Y and X ni — ^ X n > — V Y\ Yq are ao-close. We 



•/I 



define fi to be the composition X ni — h X n < — ^» Yi, and proceed similarly 

Theorem 5.14. Let . . . Y\ Yo an inverse sequence of uniformly continuous 
maps between uniform ANRs, and let Y be its inverse limit. Suppose f : X — >■ Y is 
a uniformly continuous map, where X is the limit of a convergent inverse sequence 
. . . — ^» Xi ^\ Xq of uniformly continuous maps between metrizable uniform spaces. 

Then there exists an increasing sequence rij and a level-preserving uniformly continu- 
ous extension f n : X n[0ao] ->■ Y [0iOo] off. 

Moreover, given another such extension f' n , there exists an increasing subsequence U 

fn 



□ 



of rii such that the compositions X{ 



[0,o 



x„ 



■I n 



Y[o,oo] are uniformly homotopic 



through level-preserving extensions Xi. . — > Y[o )00 ] of f. 

Proof. By Lemmas 4.19 and 4.16, each Yi satisfies the Hahn property and is uniformly 
locally contractible. Let a, = 0lcc/(2 - *) be given by the uniform local contractibility of 
Yi corresponding to e — 2~\ The first assertion now follows from Theorem 5.13. 
The moreover part is established by similar arguments, but replacing 

• Lemma 4.19(a) with Lemma 4.16(a); 

• Lemma 4.16(a) with its 1-parameter version (see Remark 4.15); 

• Lemma 5.12(b) with Lemma 5.12(a); 

• Lemma 5.12(b) with itself applied to X x I. □ 
We now sketch a slightly different approach. 
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Theorem 5.15. Let ... — > Y\ — > Yq be an inverse sequence of uniformly continuous 
maps between uniform ANRs, and let Y be its inverse limit. Then the mapping telescope 
Y[o t oo) an d the extended mapping telescope Vjo )£ »] are uniform ANRs. 

Moreover, if Yq is a uniform AR, then y[o,oo) an d Y[o,oo] ar ^ uniform ARs. 

Proof. Each ^i+i] is a uniform ANR by Theorem 4.32, so each Yj 0i j] is a uniform ANR 
by Corollary 4.34. Now Y[ 0)OO ) and ^[0,00] are uniformly 2~ J -dominated by Yj 0) i] for each 
i, whence they are uniform ANRs by Corollary 4.22(a). The moreover part follows from 
Theorem 4.27, since Vro.oo) and ^[0,00) uniformly deformation retract onto Yq. □ 

Theorem 5.15 immediately implies the following result, which is easily seen to be 
equivalent (cf. [62; Lemma 2.5]) to Theorem 5.14. 

Corollary 5.16. Let . . . Y\ Yq be an inverse sequence of uniformly continuous 
maps between uniform ANRs, where Yq is a uniform AR, and let Y be its inverse limit. 
Suppose f:X—>Yisa uniformly continuous map, where X is the limit of a convergent 
inverse sequence ... — > X\ — > X of uniformly continuous maps between metrizable 
uniform spaces. 

Then there exists a uniformly continuous extension /[o,oo] : -^[0,00] ~~ * ^[0,00] of f sending 
X(o,oo) into ^(0,00) ■ Moreover, every two such extensions are uniformly homotopic through 
such extensions. 

Most of the compact case of Theorem 5.15 and Corollary 5.16 was proved by J. Milnor 
(1961; published 1995) and rediscovered in mid- 70s independently by J. Krasinkiewicz; 
Y. Kodama; Chapman-Siebenmann; and Dydak-Segal (see references in [62; §2]). 

Theorem 5.17. Let ... X\ -^V X be a convergent inverse sequence of uniformly 
continuous maps between uniform ANRs, where X is a uniform AR [resp. no condition 
on X ], and let X be its inverse limit. 

Then X is a uniform A[N]R if and only if it is a uniform retract of X[o ;0 o] [resp. of 
X[n,<x>] for some n]. 

A similar characterization of non-uniform ANRs is found in [79; Theorem 1]. 

Proof. The 'if direction follows from Theorem 5.15. But let us sketch an alternative 
proof, avoiding the use of Theorem 4.32. Given a metrizable uniform space Y and a 
closed subset A C Y, we may embed Y in the mapping telescope E/[o |00 ] °f appropriate 
uniform neighborhoods U-i of A in Y (with Uq = Y) like in the end of the proof of 
Theorem 4.21. Given a uniformly continuous map A — > X, by Theorem 5.14 it extends 
to a uniformly continuous map tVoo] ~~ >* -^[0,00] • The required extension is now given 
by the composition Y C £/[o,oo] —> X[o,<x] ~^ X [resp. by its restriction of the form 

U m C t/[ m ,oo] — > AT[n,oo] — > X]. 

The "only if" direction follows by the definition of a convergent inverse sequence. □ 

Theorem 5.18. Let ... ^\ X\ -^V Xq be a convergent inverse sequence of uniformly 
continuous maps between uniform ANRs, and let X be its inverse limit. Then there 



METRIZABLE UNIFORM SPACES 



61 



exists a sequence of a* > such that for each sequence of aii G (0, a*} the following are 
equivalent: 

(a) X is a uniform ANR; 

(b) there exists an %q such that for each i > i there exists an > i and a uniformly 

continuous map Sj: X n . — > X ni+1 such that the composition X n . -4- X n . +l — — > X, is al- 
dose top™ 1 ; and an > n i+1 such thatpnt+i is uniformly homotopic to the composition 



Proof. Let a* be bounded above by the in Corollary 5.11 (upon setting = (3* in 
there). Since each X± is uniformly locally contractible (see Lemma 4.16(a)), we may 
assume that every two aj-close maps into Xi are uniformly homotopic. 

Suppose that X is a uniform ANR. Since X is uniformly locally contractible, there 
exists an e > such that every two e-close maps into X are uniformly homotopic. 
Given an i, let 5i > be such that 4<5j < e and pf is (Si, aj/2)-continuous. Since the 
inverse sequence is convergent and X satisfies the Hahn property (see Lemma 4.19(a)), 
there exists an m 8 > i and a uniformly continuous map r«: X mi — > X such that the 

Pm- r 

composition X — ^ X mi -V X is <5j-close to the identity. Then pf 3 is y-close to the 

Pm { n pT 

composition X — h X mi -A X Xi. Since the inverse sequence is convergent, by 
Lemma 5.12(b) there exists an n, > rrii such that p^ is aj-close to the composition 

Pm r- 

X n - — ^ X m - X — '—t Xi. In particular, they are joined by a uniform homotopy 

Pin ' y* ■ ^ j 

Vi \ X n . x / — > Xi. Set Sj to be the composition X n . — ^ X m . X — > Xj, where 

j 

j = n i+ i. Thus the composition X rii Xj Xi is aj-close to p™\ 

Now the composition X > X m . — > X is 0,-close to the identity, which is in turn 

Pm- r- 

5j-close to the composition X — lj y X m . -A- X . Since rrij > mi and the inverse sequence is 
convergent, by Lemma 5.12(b) there exists an I = Z i+1 > rrij such that the compositions 

X\ — -> X mi — >■ X and Xi > X m . — > X are 2(oj + Oj)-close, hence e-close. Therefore 

they are joined by a uniform homotopy A« : Xi x I — > X. Then the composition Xi x / 

pf P l nj xid l Vj 

X — y Xj along with the composition Xi x I > X n . x I — y Xj combine to form a 

uniform homotopy XiX I — >■ Xj between p^ and the composition Xi — ^ X mi — >■ X — > 

Pn- s- 

Xj, which is the same as Xi — ^ X ni — ^ Xj. 

Conversely, suppose that (b) holds. We may assume that io = and that each l i+ i > /j. 

i- Pn +1 
Then the uniform homotopy between pAt+i and the composition X ii+1 — X n . X n . +1 

yields a uniformly continuous map tpi : MC(p\ +1 ) — > X n . +1 that restricts to Pnt+i on 

p 1 ' 

Xi and to the composition X;. — ^ X n . X n . +1 on X\.. Let us write Yi = X^ 
so that MC(p\' i +1 ) becomes Vj^i+i]. For each j > i + 1 let ipj denote the composition 




i+l 
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^ X ni+1 . . . 3 1 > X nj . Then <y?°, . . . , (pi 1 combine into a uniformly continu- 
ous map $j : Y[ j] — >■ X n . By the hypothesis each composition l^i+i] — - — > X nj+1 — > 

ip l . p . J 

Xj is Oj-close to the composition Y[ i;i+1 ] — X nj — — >■ Xj. Hence the composition 

^ : Yjoj] — ^> X n — A Xj is ttj-close to the composition Y[ 0j -] C ipj+i] 3 ) Xj+i ~ — ^ 

Xj. Since restricts to the bonding map p- over Yj, whereas the telescope's bonding 

.h+i 
h 

over Kf+i, it follows that the following diagram a, -commutes: 



map : Yjoj+i] — > Yfoj] restricts to the identity over Yj j] and to the bonding map 



Pj 



Y [0tj ] — 3 —t Xj. 

Thus by Corollary 5.11 we obtain a uniformly continuous map Y[o,oo] — >• X, which 
by construction (or alternatively by the uniqueness in Corollary 5.11) restricts to the 
identity on X. The assertion now follows from Corollary 5.17. □ 

Theorem 5.19. Let ... ^ X\ -^V Xo be a convergent inverse sequence of uniformly 
continuous maps between uniform ANRs, and let X be its inverse limit. Then there 
exists a sequence of a* > such that for each sequence of on G (0, a*] the following are 
equivalent: 

(a) X satisfies the Hahn property; 

(b) there exists an z'o such that for each i > io there exists an rii > i and a uniformly 

continuous map S{ : X ni — > X ni+1 such that the composition X Hi X ni+1 — — > Xj is 
ai-close to p™* . 



The proof is similar to (and easier than) that of Theorem 5.18. 
5.C. Uniform homeomorphisms between inverse limits 

Theorem 5.20. Let ... X\ -A X and ... Y\ -^V Y be inverse sequences of 
uniformly continuous maps between complete metric spaces, and let X and Y be their 
inverse limits. Then there exists a sequence of a, > such that the following holds. 
Suppose that there exist non- decreasing unbounded sequences of natural numbers and 
m i; and uniformly continuous maps ff. X n . — > Y m . and gc. Y m . — > X n ._ 1 such that the 
diagrams 

fj +1 y gj+1 v 

^■rii+i r I m i+1 yl rii l 1 m i+1 



and 



1 



X h > Y X n . , <-2— Y n , 
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respectively a mi - and a ni _ 1 -commute, and the compositions Y m . +1 
fi-i. 



9i+l 



> x n 



Yrr,. and 



X, 



' - 1 rr, 



X Tli _ 1 are respectively a mi - and a ni _ 1 -close to the bonding maps, for 
each i. Then X and Y are uniformly homeomorphic. 

Moreover, there exists a sequence of (3* > such that for each sequence of 0i G (0,(3*}, 
the cti can be chosen so that there exists a unique uniform homeomorphism h: X — > Y 
such that the diagrams 



X 



x„ 



Y 



X 



and 



fi 



» Y„ 



9i 



Y 



Y n 



respectively f3 mi - and f3 ni _ x - commute for each i. 

The compact case (apart from the uniqueness) is due to Mioduszewski [65]. 

Proof. It suffices to prove the moreover assertion. We may assume that the ccj are such 
that p l k is (cti, 2 fc-/ /3fc)-continuous for each k and each I > k. It follows that every diagram 
of the form 



X., 4^- Y 



m j+1 



3 



An 



fi 



* Yrr 



a mi + /3 mi -commutes, since it splits into j — i square diagrams and one triangular diagram 
as in the hypothesis. 

On the other hand, Corollary 5.11 yields uniformly continuous maps f-.X—^Y and 
g: Y — > X satisfying the desired conditions in place of h and h" 1 . It remains to show 
that fg = idy and gf = idx- Let 7$ be such that fi is (ji, /3 m J -continuous. We may 
assume that the /3» are such that each p l k is ^)-continuous. Then for each i there 
exists a j such that pnl is (f3 nj , 7;)-continuous. Then the two compositions 



Y 



X <- 



Y 



"3+1 



Xr, 



( gj+1 y 



m j+1 



and 



3 



Xr, 



A. 



are /3 mi -close. Since / satisfies the desired condition on h, the left-hand composition is 

in turn /3 mi -close to the composition Y — > X — > Y — Y mv On the other hand, by the 

above the right-hand composition is (a mi + /3 m J-close to Y — h Y mv 

To summarize, Y — > Y — ^ Y mi is (3(3 mi + 2a mi )-close to Y — ^ Y mi . We may assume 
that each ccj < j3i, and that each the /3j are such that each g°° is (e^, 5/3j)-separating for 
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some zero- convergent sequence of £j > 0. Thus fg is enclose to the identity for each i, 
whence it is the identity. Similarly gf is the identity □ 

Theorem 5.20 immediately implies the following well-known result, whose compact 
case is due to M. Brown [19]. 

Corollary 5.21 ([51; remark to Lemma B], [50; Exer. IV.7(a)], [24]). Let X be the 



limit of an inverse sequence . . . ^> X\ Xq of uniformly continuous maps between 
complete metric spaces. Suppose that for each i we are given a sequence of uniformly 
continuous maps qa, q^ . . . uniformly convergent to pi. Then there exists a sequence of 
n, 6 N such that for each sequence of mi > ni, the limit Y( mi ) of the inverse sequence 
l^m(. . . lmi > X\ 90m °) Xq) is uniformly homeomorphic to X . 

Note that under the additional hypothesis that . . . —4 X\ -A Xq is convergent (which 
holds if the X\ are compact), Corollary 5.21 follows directly from Corollary 5.10(a,c,d,g). 



Theorem 5.22. Let . . . ^ X x ^ 



Xq and ... -4 Yi Y be convergent inverse 



sequences of uniformly continuous maps between metric spaces satisfying the Hahn prop- 
erty, and suppose that their inverse limits X and Y are uniformly homeomorphic by a 
homeomorphism h. Then for each sequence of a.i > there exist increasing sequences 
of natural numbers and rrii, and uniformly continuous maps fi \ X ni — > Y mi and 
gi : Y mi — > X ni _ 1 such that the diagrams 



X, 



ni+i 



+ Y 



m i+1 



and 



a m .- commute, and the diagrams 

9i+i 



> Y 



in, 



X„ 



<- 



Y 



m; + i 



and 



Y„ 



X 



x„ 



X 



-* Y 



■> Y 



Y 



Y 



cn ni _ 1 - commute, and the compositions Y mi+1 9t+1 > X ni A- Y mi and X ni A- Y r 
are respectively a m .- and a ni _ x -close to the bonding maps, for each i. 



*X 



TH-l 



A version of Theorem 5.22 is found in [51; Theorem 1]; a closer version of the compact 
case is also found in [65]. 

The proof of Theorem 5.22 employs the same ideas as that of Theorem 5.13, and we 
leave the details to the reader. 



Theorem 5.23. Let . . . ^ X x — 



Xq and . . . — ^ Yi 



Yq be convergent inverse 
sequences of uniformly continuous maps between complete metric spaces satisfying the 
Hahn property, and let X and Y be their inverse limits. Then there exists a sequence of 
a* > such that for each sequence of a\ G (0, a*] the following are equivalent: 
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(i) X and Y are uniformly homeomorphic; 

(ii) there exist non- decreasing unbounded sequences of natural numbers rti and m,, and 
uniformly continuous maps fi : X ni — > Y mi and g^ : Y mi — > X n ._ 1 such that the diagrams 



X nj < 



9j+l 



Y, 



Xn 



7 ± rr 



3 



n j+l 



and 



X„ 



-> Y 

I 1 rr 



"3 



9, 



Y„ 



respectively a mi - and a^j- commute, for each i and each j > i. 

(i)=>(ii). Let rij, fi and gi be given by Corollary 5.22. We may assume that the 
(Xi are such that p l k is (ety, 2 fc_ 'o:fc)-continuous for each k and each I > k. Each diagram 
in condition (ii) splits into j — i square diagrams and one triangular diagram which 
approximately commute by Corollary 5.22, and the assertion follows. □ 



(ii)=5>(i). Let 7$ be such that f\ is (7$, a m J-continuous. We may assume that the cti are 
such that each p l k is (at, prO-continuous. Then for each i there exists a j such that pnl 

is (a np 7j)-continuous. The composition X n . +1 J+1 > F mj+1 9j+1 > X„, is a n „.-close to the 



bonding map, whereas the composition Y m . +1 
the bonding map. It follows that the diagram 



9 3 + 1 



Y m . is a™ -close to 



X, 



n j+1 



> F 



mj+i 



n i+i 



X„ 



fi 



4 F 



2a mi -commutes. Similarly, for each i there exists a j so that the diagram 



Xn 



< y 

~ -1 r 



m J+ i 



J 



"■3 + 1 



Xni-! * 



9, 



Fr 



2ci!n i _i -commutes. Hence after an appropriate thinning out of indices, Corollary 5.20 
applies to produce a uniform homeomorphism between X and F. □ 



References 

[1] J. Adamek, H. Herrlich, and G. E. Strecker, Abstract and Concrete Categories: The Joy of Cats, 
Repr. Theory Appl. Catcg. 17 (2006), 1-507; online edition. Reprint of the 1990 original (Wiley, 
New York). f2.B, 2.11, 2.14, 2.18, 2.19, 2.20, 2.C, 2.22, 2.23, 2.24, 2.25, 2.C, 2.C, 2.C, 4.1 

[2] S. M. Ageev and D. Repovs, The method of approximate extension of mappings in the theory of 
extensors, Sibirsk. Mat. Zh. 43 (2002), no. 4, 739-756 (Russian); English transl., Siberian Math. 
J. 43 (2002), no. 4, 591-604. Journal. |4.B 



METRIZABLE UNIFORM SPACES 



66 



[3] P. S. Alexandroff and P. S. Urysohn, Une condition necessaire et suffisante pour qu'une classe (L) 
soit une classe (D), C. R. Acad. Sci., Paris 177 (1923), 1274-1276. Translated into Russian in 
Urysohn's collected works edition (vol 2, publ. 1951) with Alexandroff's extended comentary, and 
in Alexandroff's selected works edition (vol. 1, publ. 1978). f2-9, 2. A 

[4] M. Atsuji, Uniform continuity of continuous functions of metric spaces, Pacific J. Math. 8 (1958), 
11-16. ProjectEuclid. f2.13, 2.49 

[5] , Uniform continuity of continuous functions on uniform spaces, Canad. J. Math. 13 (1961), 

657-663. f2.49 

[6] , Uniform spaces with a U -extension property, Proc. Japan Acad. 37 (1961), 204-206. 

ProjectEuclid. f2.31 

[7] T. Banakh, T. Radul, and M. Zarichnyi, Absorbing sets in infinite- dimensional manifolds, Mathe- 
matical Studies Monograph Scries, vol. 1, VNTL Publishers, L'viv, 1996. t4.9 

[8] T. Banakh and D. Repovs, Topological structure of direct limits in the category of uniform spaces, 
Topol. Appl. 157 (2010), no. 6, 1091-1100. arXiv : 0908 . 2228. f2.C 

[9] , Direct limit topologies in the categories of topological groups and of uniform spaces, 

arXiv: 0911. 3985. t 

[10] T. Banakh, D. Repovs, and L. Zdomskyy, o-boundedness of free topological groups, Topol. Appl. 

157 (2010), no. 2, 466-481. arXiv : 0904 . 1389. f2.35 
[11] G. Beer and R. Lucchetti, Weak topologies for the closed subsets of a metrizable space, Trans. Amer. 

Math. Soc. 335 (1993), no. 2, 805-822. Journal. f2.37 
[12] H. L. Bentley, H. Herrlich, and M. Husek, The historical development of uniform, proximal, and 

nearness concepts in topology, Handbook of the History of General Topology, Vol. 2, Kluwer Acad. 

Publ. Dordrecht, 1998, pp. 577-629. f2.1, 2.4, 2.A, 2.E 
[13] Y. Benyamini and J. Lindenstrauss, Geometric Nonlinear Functional Analysis, Vol. 1, Amer. Math. 

Soc. Providence, RI, 2000. f2.1, 2.D, (i), 4.5 
[14] Cz. Bessaga and A. Pelczyhski, Selected Topics in Infinite-Dimensional Topology, PWN (Polish 

Sci. Publ.) Warszawa, 1975. t2.13, 2.40, (ii), 2.E, 4.5 
[15] K. Borsuk, Theory of Retracts, Monogr. Mat. vol. 44, PWN, Warsaw, 1967. fl-B, 4.2, 4.24, 4.B, 

4.C 

[16] , On a class of compacta, Houston J. Math. 1 (1975), no. 1, 1-13. Journal. f4.B 

[17] N. Bourbaki, General Topology, 3rd ed. Hermann, Paris, 1966 (French); Russian transl. in Mir, 

Moscow, 1968, 1969, 1975. Translated from 3rd cd. and a draft of 4th cd. t2.1, 2.B, 2.12, 2.13, 2.15, 

2.16, 2.17, 2.E, 2.E, 2.49 

[18] M. R. Bridson and A. Haefliger, Metric Spaces of Non-Positive Curvature, Springer, Berlin, 1999. 
|3.A, 3.12 

[19] M. Brown, Some applications of an approximation theorem for inverse limits, Proc. Amer. Math. 

Soc. 11 (1960), 478-483. Journal. f5.C 
[20] D. Burago, Yu. Burago, and S. Ivanov, A Course in Metric Geometry, Grad. Stud, in Math. 

vol. 33, Amer. Math. Soc. Providence, RI, 2001; Russian transl. in Institut komputcrnyh issl. 

Moscow/Izhevsk, 2004. f3.A, 3.12 
[21] K. C. Chattopadhyay and H. L. Vasudeva, A characterisation of Riesz proximities, Proc. Amer. 

Math. Soc. 64 (1977), no. 1, 163-168. Journal. f2.4 
[22] A. Chigogidze, Complemented subspaces of products of Banach spaces, Proc. Amer. Math. Soc. 129 

(2001), no. 10, 2959-2963. arXiv: math. FA/0002242; Journal. f4.5 
[23] M. H. Clapp, On a generalization of absolute neighborhood retracts, Fund. Math. 70 (1971), no. 2, 

117-130. Kolekcja Matematyczna. f4.B 
[24] D. W. Curtis, Simplicial maps which stabilize to near-homeomorphisms, Compositio Math. 25 

(1972), 117-122. Numdam. f5.21 



METRIZABLE UNIFORM SPACES 



67 



[25] P. Domariski and L. Drewnowski, Frechet spaces of continuous vector-valued functions: comple- 
mentability in dual Frechet spaces and injectivity, Studia Math. 102 (1992), no. 3, 257-267. 
Kolekcja Matematyczna. f4.5 

[26] P. Domariski and A. Ortyriski, Complemented subspaces of products of Banach spaces, Trans. Amer. 
Math. Soc. 316 (1989), no. 1, 215-231. Journal. f4.5 

[27] J. Dugundji, Topology, Allyn and Bacon Inc. Boston, Mass. 1966. fl 

[28] , Locally equiconnected spaces and absolute neighborhood retracts, Fund. Math. 57 (1965), 

187-193. Kolekcja Matematyczna, f4.17 
[29] R. Engclking, General Topology, 2nd ed. Hcldcrmann Verlag, Berlin, 1989; Russian transl. in Mir, 

Moscow, 1986. Translated from 1st ed. and a draft of 2nd ed.; cited theorem numbers refer to this 

translation. f2.1, 2.10, 2.13, 2.D, 2.40, (ii), 2.E, 2.46 
[30] P. Fabel, Multiplication is discontinuous in the Hawaiian earring group (with the quotient topology), 

Bull. Polish Acad. Sci. Math. 59 (2011), 77-83. arXiv : 0909 . 3086. fl-2 
[31] S. C. Ferry, Stable compactifications of polyhedra, Michigan Math. J. 47 (2000), no. 2, 287-294. 

ProjectEuclid. f4.9 

[32] R. H. Fox, On fibre spaces. II, Bull. Amer. Math. Soc. 49 (1943), 733-735. Journal. f4.17 
[33] H. Fiihr and W. Roclcke, Contributions to the theory of boundedness in uniform spaces and topo- 
logical groups, Note Mat. 16 (1996), no. 2, 189-226 (1998). f2.49 
[34] T. Gantner, Some corollaries to the metrization lemma, Amer. Math. Monthly 76 (1969), 45-47. 
f2.31 

[35] G. L. Garg, A theorem on uniform embedding, Ukrain. Mat. Zh. 24 (1972), 465-475 (Russian); 

English transl., Ukr. Math. J. 24 (1972), 373-380. f3.A, 4.B, 4.6, 4.7, 4.11 
[36] S. Ginsburg and J. R. Isbell, Some operators on uniform spaces, Trans. Amer. Math. Soc. 93 

(1959), 145-168. Journal. f2.10, 2.14, 2.24, 2.E, 2.E 
[37] O. Hanner, Some theorems on absolute neighborhood retracts, Ark. Mat. 1 (1951), 389-408. p4-B, 

4.C 

[38] J. Hcjcman, Boundedness in uniform spaces and topological groups, Czechoslovak Math. J. 9 (1959), 
544-563. f2.49 

[39] , On simple recognizing of bounded sets, Comment. Math. Univ. Carolin. 38 (1997), no. 1, 

149-156. f2.49 

[40] C. J. Himmelberg, Precompact contraction of metric uniformities, and the continuity of F(t, x). 
Rend. Scm. Mat. Univ. Padova 50 (1973), 185-188; Correction, ibidum 51 (1974), 361. Numdam. 
f2.49 

[41] A. Hohti, Uniform hyperspaces, Topology, Theory and Applications, Colloq. Math. Soc. Janos 

Bolyai, vol. 41, North-Holland, Amsterdam, 1985, pp. 333-344. f2.1 
[42] , An infinitary version of Sperner's Lemma, Comment. Math. Univ. Carolin. 47:3 (2006), 

503-514. arXiv:math.GT/0208141. f2.40, 2.E, 2.E 
[43] A. Hohti, On absolute Lipschitz neighbourhood retracts, mixers, and quasiconvexity, Topology Proc. 

18 (1993). t4.30 

[44] Sze-Tsen Hu, Theory of Retracts, Wayne State Univ. Press, Detroit, 1965. fl-B, 4.2, 4.B, 4.B, 4.C 

[45] , Introduction to General Topology, Holden-Day Inc. San Francisco, CA, 1966. f2.49 

[46] , Archimedean uniform spaces and their natural boundedness, Portugaliae Math. 6 (1947), 

49-56. f2.49 

[47] M. Husck and M. D. Rice, Productivity of coreflective subcategories of uniform spaces, Gen. Topol. 

Appl. 9 (1978), no. 3, 295-306. fl-2, 2.C 
[48] J. R. Isbell, On finite- dimensional uniform spaces, Pacific J. Math. 9 (1959), 107-121. 

ProjectEuclid. f2.31, 2.48, 3.A, 4.2, 4.5, 4.B, 4.B, 4.B 



METRIZABLE UNIFORM SPACES 



[49] , Uniform neighborhood retracts, Pacific J. Math. 11 (1961), 609-648. ProjectEuclid. f2.34, 

2.36, 2.46, 4.2, 4.5, 4.14, 4.B, 4.18, 4.B, 4.B, 5.B 
[50] , Uniform Spaces, Amer. Math. Soc. Providence, RI, 1964. fl-2, 2.1, 2.2, 2.5, 2.7, 2.B, 2.10, 

2.11, 2.12, 2.13, 2.14, 2.16, 2.17, 2.18, 2.19, 2.20, 2.22, 2.23, 2.24, 2.C, 2.D, 2.31, 2.32, 2.D, 2.34, 

2.35, 2.36, 2.D, 2.37, 2.38, 2.E, 2.E, (i), 2.E, 3.A, 4.1, 4.2, 4.5, 4.B, 4.B, 4.36, 4.D, 5.21 
[51] , Irreducible polyhedral expansions, Nederl. Akad. Wetensch. Proc. Ser. A 64 = Indag. Math. 

23 (1961), 242-248. f5.2, 5.21, 5.C 
[52] J. R. Isbell, Six theorems about injective metric spaces, Comm. Math. Helv. 39 (1964), 65-76. GDZ. 

t4.30 

[53] G. Itzkowitz, Uniform separation and a theorem of Katetov, Papers on General Topology and 
Applications, Ann. New York Acad. Sci. vol. 767, 1995, pp. 92-96. f2.31 

[54] N. J. Kalton, The nonlinear geometry of Banach spaces, Rev. Mat. Complut. 21 (2008), no. 1, 
7-60. Journal. f2.1 

[55] H.-P. A. Kiinzi, Uniform structures in the beginning of the third millenium, Topol. Appl. 154 

(2007), no. 14, 2745-2756. f2.1 
[56] B. Lcvshenko, On the concept of compactness and point-finite coverings, Mat. Sb. 42 (1957), 479- 

484 (Russian). MathNct. f2.13 
[57] J. Lindenstrauss, On nonlinear projections in Banach spaces, Michigan Math. J. 11 (1964), 263- 

287. ProjectEuclid. f4.5 

[58] J. Lindenstrauss and L. Tzafriri, Classical Banach spaces. I. Sequence spaces; II. Function spaces, 

Ergebn. der Math, vol. 92, 97, Springer- Verlag, Berlin, 1977, 1979. f4.5 
[59] S. Mardcsic, Approximate polyhedra, resolutions of maps and shape fibrations, Fund. Math. 114 

(1981), no. 1, 53-78. Kolekcja Matematyczna. fl, 4.B, 5.B 
[60] S. Mardcsic and A. V. Prasolov, Strong homology is not additive, Trans. Amer. Math. Soc. 307 

(1988), 725-744. fl 

[61] D. Marxen, Uniform quotients of metric spaces, Fund. Math. 108 (1980), 67-75. 

Kolekcja Matematyczna. f3-2, 3.3, 3. A 
[62] S. Melikhov, Steenrod homotopy, Uspekhi Mat. Nauk 64:3 (2009), 73-166; arXiv : 0812 . 1407; 

Russian transl., Russ. Math. Surv. 64 (2009), 469-551. fl.3, l.C, 5.6, 5.A, 5.A, 5.B, 5.B 
[63] E. Michael, Uniform ARs and ANRs, Compositio Math. 39 (1979), no. 2, 129-139. Numdam. 

f4.30, 4.31 

[64] J. Milnor, Construction of universal bundles. II, Ann. Math. 63 (1956), 430-436. 

[65] J. Mioduszewski, Mappings of inverse limits, Colloq. Math. 10 (1963), 39-44. 

Kolekcja Matematyczna. f5-A, 5.B, 5.C, 5.C 
[66] Nguyen To Nhu, On the extensions of uniformly continuous mappings, Colloq. Math. 41 (1979), 

no. 2, 243-252. f2.31, 3.A, 4.5, 4.B, 4.7, 4.11, 4.30, 4.C 
[67] , The gluing theorem for uniform neighbourhood retracts, Bull. Acad. Polon. Sci. Ser. Sci. 

Math. 27 (1979), no. 2, 189-194. f3.A, 4.B, 4.30, 4.C 

[68] , Extending metrics uniformly, Colloq. Math. 43 (1980), no. 1, 91-97 (1981). j3.4 

[69] L. Pasicki, Retracts in metric spaces, Proc. Amer. Math. Soc. 78 (1980), no. 4, 595-600. Journal. 

f4.17 

[70] J. Pclant, Embeddings into c , Topol. Appl. 57 (1994), 259-269. f2.E, 2.E, 2.43 

[71] J. Pelant and M. Husek, Uniform weight of uniform quotients, Comm. Math. Univ. Carolinae 24:2 

(1983), 335-340. DML-CZ. f3 
[72] R. L. Plunkett, Concerning two types of convexity for metrics, Arch. Math. 10 (1959), 42-45. f4.30 
[73] C. Plaut, Quotients of uniform spaces, Topology Appl. 153 (2006), no. 14, 2430-2444. f 
[74] M. M. Postnikov, Lectures on Algebraic Topology: Fundamentals of Homotopy Theory, Nauka, 

Moscow, 1982 (Russian). f4.B 



METRIZABLE UNIFORM SPACES 



6!) 



[75] J. Rainwater, Spaces whose finest uniformity is metric, Pacific J. Math. 9 (1959), 567-570. 
ProjectEuclid. f2.13 

[76] M. D. Rice, Complete uniform spaces, TOPO 72, Lecture Notes in Math. vol. 378, Springer, 1974, 
pp. 399-418. |2.48 

[77] M. D. Rice and G. J. Tashjian, Cartesian-closed corefiective subcategories of uniform spaces gen- 
erated by classes of metric spaces, Topol. Appl. 15 (1983), no. 3, 301-312. f2.49 

[78] J. W. Rogers Jr. Some approximation theorems for inverse limits, (Univ. of North Carolina, 
Charlotte, 1974), Studies in Topology, Academic Press, New York, 1975, pp. 495-506. f5.A 

[79] K. Sakai, The completions of metric ANR 's and homotopy dense subsets, J. Math. Soc. Japan 52 
(2000), no. 4, 835-846. ProjectEuclid. f4.B, 4.30, 5.B 

[80] P. Samuel, Ultrafilters and compactification of uniform spaces, Trans. Amer. Math. Soc. 64 (1948), 
100-132. Journal. f2.17 

[81] T. Shirota, On systems of structures of a completely regular space, Osaka Math. J. 2 (1950), 131- 

143. ProjectEuclid. f2.17 
[82] E. H. Spanier, Algebraic topology, McGraw-Hill Book Co. New York, 1966. f4.B 
[83] A. Str0m, The homotopy category is a homotopy category, Arch. Math. (Basel) 23 (1973), 435-441. 

fl.l 

[84] G. J. Tashjian, Metrizable spaces in Cartesian- closed subcategories of uniform spaces, Categorical 
topology, Sigma Scr. Pure Math. vol. 5, Heldermann, Berlin, 1984, pp. 540-548. f2.49 

[85] , Productivity of a-bounded uniform spaces, Papers on General Topology and Related Cat- 
egory Theory and Topological Algebra, Ann. New York Acad. Sci. vol. 552, 1989, pp. 161-168. 
f2.49 

[86] H. Toruhczyk, Absolute retracts as factors of normed linear spaces, Fund. Math. 86 (1974), 53-67. 

Kolekcja Matematyczna. f4.30 
[87] E. R. Verheul, Multimedians in Metric and Normed Spaces, CWI Tract, vol. 91, Stichting Mathe- 

matisch Centrum Centrum voor Wiskunde en Informatica, Amsterdam, 1993. f3.A 
[88] G. Vidossich, Uniform spaces of countable type, Proc. Amer. Math. Soc. 25 (1970), 551-553. 

Journal. f2.42 

[89] , A theorem on uniformly continuous extensions of mappings defined in finite- dimensional 

spaces, Israel J. Math. 7 (1969), 207-210. f2.31, 4.5 
[90] J. Vilimovsky, Uniform quotients of metrizable spaces, Fund. Math. 127 (1987), 51-55. 

Kolekcja Matematyczna. f3-A, 3. A, 3. A 
[91] A. Yamashita, Non-separable Hilbert manifolds of continuous mappings. arXiv:math. GT/0610214. 

t4.B, 4.7, 4.30 



Steklov Mathematical Institute of the Russian Academy of Sciences, ul. Gubkina 8, 
Moscow, 119991 Russia 

E-mail address: melikhov@mi . ras . ru 



